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Abstract. We provide a honesty theory of substochastic evolution families in real abstract 
state space, extending to an non-autonomous setting the result obtained for Co -semigroups 
in our recent contribution [On perturbed substochastic semigroups in abstract state spaces, 
Z. Anal. Anwend. 30, 457-495, 2011]. The link with the honesty theory of perturbed 
substochastic semigroups is established. Several applications to non-autonomous linear 
kinetic equations (linear Boltzmann equation and fragmentation equation) are provided. 



1. Introduction 

Perturbation theory in spaces goes back to a classical and seminal paper by T. Kato 
[16] on Kolmogorov's differential equations and is strongly tied to positivity and to con- 
vergence monotone arguments. This theory had a renewal of interest in the 70's when E. 
B. Davies [12] adapted it to the (non-commutative) context of quantum dynamical semi- 
groups. Later, a new impetus came from various problems from kinetic theory [2, 29] and 
gave rise to a general formalism, called "honesty theory" of perturbed substochatic semi- 
groups [8, 25, 3, 14]. Such a honesty theory provides a "resolvent perturbation approach" 
characterizing the generator of the underlying perturbed semigroup by means of a suit- 
able functional; this theory is described in the book [7] . Afterwards, this honesty theory 
was improved and extended in different directions in [19] while a noncommutative ver- 
sion of [19] in the Banach space of trace class operators was given in [18]. In a recent 
paper [6], we provided a general honesty theory of perturbed substochastic semigroup 
in abstract state spaces (i.e. ordered Banach spaces with additive norm on the positive 
cone), unifying in one hand the results of [19] and [18] and in another hand providing 
another (equivalent) approach to the honesty which relies on Dyson-Phillips expansions 
rather than the usual resolvent approach; we refer to [6] for more precise information 
and also for much more references. Our aim here is to built a non-autonomous version of 
this honesty theory and to show how kinetic equations fit into this theory. Dealing with 
such non-autonomous (two-parameters) families of operators leads to important techni- 
cal difficulties and, in particular, prevents us to use (in a direct way) any approach based 
on resolvent estimates. We will resort to several of the results developed in our previous 
contribution [6] in which a crucial point was, indeed, the introduction of a perturbation 
approach based only on fine estimates of Dyson-Phillips expansions which contrasts with 
the previous existing results, usually based on a resolvent approach. 
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Before entering the details of the present paper, let us spend few words recalling briefly 
some properties of the class of Banach spaces we shall deal with in this paper (which 
coincide with the one investigated in [6]). In all this paper, we shall assume that <£" is a 
real ordered Banach space with a generating positive cone 6'+ (i.e. £" = £■+ — on which 
the norm is additive, i.e. 

||n + w|| = ||n|| + ||f II 
The additivity of the norm implies that the norm is monotone, i.e. 

^ V =^ \\u\\ ^ ||?;||. 

In particular, the cone £^ is normal [9, Proposition 1.2.1] and any bounded monotone 
sequence of i5+ is convergent. Moreover, there exists a linear positive functional ^ on 6 
which coincides with the norm on the positive cone (see e.g. [11, p. 30]), i.e. 

^££+, (*,n) = ||n||, u££+ (1.1) 

We note also that by a Baire category argument there exists a constant 7 > such that 
each u ^ £ has a decomposition 

ti = ui — ti2 where Uj e and ||uj II ^ 7||n|| (i = l,2); (1.2) 

i.e. the positive cone X+ is non-flat, see [22, Proposition 19.1]. 

In such abstract state space £, the natural question addressed by honesty theory of 
subtochastic semigroups is the following: let the generator ^ of a positive semigroup 
{U{t))t^o in £ be given with ||Z//(t)ti|| ^ ||n|| for any u G £+ and let a nonnegative operator 
B : &{B) (l£ ^£ with &{A) C &{B) be such that 

(*,(^ + ^)u)^0 VnG^(^)n<?+. (1.3) 

It is known (following the approach of a seminal paper of Kato [16]) that there exists an 
extension /C of the sum {A + B^ ^{A)) which generates a nonnegative semigroup {V{t))t 
in £. The scope of honesty theory of substochastic semigroups is then to provide criteria 
in order to determine whether JC is the closure of ^ + or not (notice that, in general, JC 
may be a proper extension of A + B). We emphasize here that, for formally conservative 
equations, i.e. whenever inequality (1.3) is an equality, the property IC = A + B is neces- 
sary and sufficient to assert that the corresponding semigroup is norm-preserving on the 
positive cone, i.e. 

JC = A + B -^^^ ||V(t)n|| = lliill for any u e £■+ and any f > 0. 

Whenever (1.3) is 'only' an inequality, the concept of honesty of the semigroup (V(t))t^o is 
more involved and we refer to [19, 6] for further details (see also Section 3.2). We notice 
only here that the above inequality (1.3) implies that 

/ \\BU{t)u\\dt i^\\u\\ -\\U{t)u\\ yue &{A)n£+, t^O (1.4) 
Jo 

and an identity in (1.3) would yield an identity in (1.4). 
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As already said, in the present paper, we wish to extend this kind of problematic to 
the more delicate case of evolution families {\J{t, s))t^s^o- We recall here the following 
definition (see, e.g., [10, 15]): 

Definition 1.1. A family {\J{t, s))t^s of bounded operators in £ is called an evolutionary 
family if the following conditions are fulfilled: 

(i) for each u G £ the function {t, s) U(t, s)u is continuous for t ^ s; 

(ii) U(t, s) = U(t, r)U(r, s), U(t, t) = I, t ^ r s; 

(Hi) ||U(t,s)|| ^ Ce^^^*-*), t ^ s for some constants C, /3 > 0. 

The starting point for our analysis will be then the following set of Assumptions that 
will hold for all the rest of the paper: 

Assumption 1.2. Let (U(t, s))t^s be a given evolution family and let (B(t))t^o be a family 
of unbounded operators in £. We assume the follovuing 

(i) U(t, s)u G £■+ for any u e £+ and t ^ s ^ 0; 

(ii) \\U{t, s)u\\£ ^ Ijullf /or any u e £+ and any t ^ s ^ 0; 
(Hi) for any t ^ 0, B{t)u G £+ for any u G ^(B(t)) n £+; 
(iv) for any u G £ and any s ^ one has 

U(t, s)u G ^(B(t)) for a. e.t^ 0, (1.5) 

and the mapping t G [s, oo) i-^ B(t)U(t, s)u is measurable. Moreover, for any t ^ s ^ 
and any u e £+ the follovifing holds: 

t 

||B(t)U(t, s)u\\^ dr ^ - ||U(t, s)u\\s. (1.6) 

Whenever the inequality in (1.6) is an equality, we shall say that we are in the formally 
conservative case. 

Clearly, points (i) and (ii) mean that the unperturbed evolution family (U(t, s))t;^s is 
substochastic. The family of unbounded nonnegative operators {'B{t))t^o will then be 
seen as perturbation of (U(t, s))t^s where inequality (1.6) will play the role, in this non- 
autonomous framework, of the above (1.4). Assumption (iv) is crucial in our analysis and 
will be met in the various applications to linear kinetic equations we have in mind. 

In Section 2, borrowing ideas to Kato's seminal paper [16], we can prove (see Theorem 
2.1) that, under Assumptions 1.2, there exists an evolution family (V(f,s))t^s in £ such 
that 

V{t,s)u = \J{t,s)u+ j V(t,r)B(r)U(r,s)ndr, Vn G ^. (1.7) 

J s 

Moreover, the evolution family {y{t,s))t^s is substochastic, i.e. ||V(t, ^ ||n||£: for 

any u G Notice that, in order to the above identity to make sense, our assumption 
that \]{r,s)u G i^(B(r)) for a. e. r ^ s plays a crucial role. The proof of such an 
existence result is constructive and the evolution family (V(t, s))t^s satisfying (1.7) is built 
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as a generalization of the Dyson-Phillips expansion series: 

oo 

V{t,s)u = '^Yn{t,s)u \/u££,t'^s^O 

n=0 

with Vo(t, s) = U(t, s) and 

Vn+i{t,s)u= j V„(t,r)B(r)U(r,s)udr, t ^ s ^ 0, u(^£. (1.8) 

J s 

The above series converges in 8 and one can prove that it provides an evolution family 
satisfying the variation of constant formula (1.7). 

Notice that perturbation theory of strongly continuous evolution families is already a 
well-developed research area which followed somehow the paths of the perturbation the- 
ory of Co-semigoups. In particular, we refer the reader to the seminal work [24] where 
a non-autonomous Miyadera perturbation theory has been developed. Our results in the 
present paper do not resort to such a Miyadera theory, however some of the ideas im- 
plemented in [24] will play an important role in our analysis. More precisely, in [24] 
(see also [17, 21, 23]), the perturbation theory for the evolution family is based upon 
known perturbation results for Co -semigroups via the following well-known feature of 
evolution family [10]: to a given evolution family, say (U(t, s))t^s^o, one can associate a 
Co-semigroup (7o(t))t>o acting on the lifted space 

endowed with its natural norm || • ||^ given by \\f\\x = /o°° ll/(s)||£'ds for any / G X (see 
Section 3) for more details). The semigroup (7o(t))t>o is given by: 

[To{t)f] (r) = x+{r - t)V{r, r - t)f{r - t) r^O 

where x+{^) stands for the indicator function of the set M+. 

While the approach of [24] consists in applying, in the space X, the now classical 
Miyadera perturbation theorem [7] to that semigroup {To{t))t^o, our approach in the 
present paper is different since the construction of (V{t,s))t^s is non-autonomous in na- 
ture: we do not work in the space X to construct (V(t, s))t^s- In this sense, our approach 
is essentially self-contained and no use of the results of [24] is necessary for our analysis. 

However, we will borrow some of the ideas of [24] to deal with the honesty theory of 
(V(t, s))t^s, exploiting in particular the results we obtained in [6] for perturbed semigroup 
in the space X. The fundamental observation is that the lifted space X is also an abstract 
state space whose norm || • ||x can be uniquely extended to a positive bounded linear 
functional * satisfying 

*GX;, (*,/)^= 11/11^, /GX+. 

Now, to the perturbed evolution family (V{t,s))t^s corresponds a unique Co-semigroup 
{T{t))t^Q in X and both the semigroups {To{t))t^o and (T(t))t>o are substochastic semi- 
groups in X and one can determine the link between the two semigroups and their respec- 
tive generators {Z, &{Z)) and {g, ^{G)). 
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Precisely, we construct in Section 3 and borrowing some ideas of [27], a perturbation 
operator *B : ^(55) C X ^ X which is nonnegative in X, such that ^(*B) D ^(2) and 
satisfying 



In other words, the honesty theory for Co-semigroup developed in [6] applies in the space 
X and Q is an extension of the sum {Z + !B, &{Z)). It is moreover possible to prove that 
the semigroup {T{t))t^o is exactly the one obtained by a direct application, in X, of Kato's 
theorem [6]. Notice that building the perturbation *B and recognizing that (T(t))t>o coin- 
cide with the semigroup obtained thanks to Kato's theorem will require several additional 
measurability assumptions, besides Assumptions 1.2, that will be introduced progressively 
in the text. 

Clearly, the great interest of working in the lifted space X is that it allows us to exploit 
the results established in [6] about honesty of Co-semigroups and we shall adopt the 
following definition for the honesty of (V(t, s))t^s' 

Definition 1.3. The evolution family (V{t, s))t^s is honest in £ if and only if the associated 
semigroup (T(t))t>o is honest in X. 

As already said, several characterizations of the honesty of (T(t))t>o have been estab- 
lished in our recent contribution [6] but it is very challenging to be able to express such 
characterizations in explicit terms involving only the known objects in £ that are B(t) and 
the Dyson-Phillips iterated V„(t, s). 

This is the object of the core of our paper, developed in Section 4. The novelty of our 
approach lies in a constant interaction between results established in the space X and 
results typical to £ while the previous existing approach [24, 1 7] essentially works in the 
lifted space X to deduce property in £. Let us explain with more details the results of 
Section 4: we first provide, under some additional assumptions on {'B{t))t^Q, a practical 
interpretation of the perturbation ^ as simply the multiplication operator in X by B(-). 
Such an additional assumption, see Assumption 4.10, is clearly restrictive but turns out 
to be very well-suited to the case of non-integral operators that we have in mind for 
applications. 

Second, we construct a second family of Dyson-Phillips iterated (V„(t, s))nen {t ^ s ^ 
0) which is such that, for any u e £+ and any n e N, 



Finally, we show that this second family of iterated actually coincide with the original one 
(1.8), i.e. V„(t, s) = V„(t, s) for any t ^ s ^ and any n G N. This allows to prove the 
main result of the paper (Theorem 4.19) that asserts that the evolution family (V(t, s))t^s 
is honest if and only if the following holds for any u G £+ 





Vn{t, s)u G &{B{t)) for almost every s. 



(1.9) 




yt ^ s. 
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Notice that in the formally conservative case for simplicity, one easily sees that the evolu- 
tion family (V(t, s))t^s is conservative if and only if it is honest. 

In Section 5, we deal with applications to kinetic theory in arbitrary geometry under 
the assumption that the cross-sections are space homogeneous. Non-autonomous kinetic 
equation have already been investigated in [26] underlying in particular the influence of 
time-dependent forcing term. Our approach is different here and we are dealing rather with 
time-dependent collision operators. The main technical point is to show how Assumptions 
1.2 are satisfied in the context of kinetic theory. In addition, as in the autonomous case 
[20], we show also how the honesty of space homogeneous kinetic equations of the form 

dtf{v,t) + ^{v,t)f{v,t)= [ b{t,v,v')f{v',t)dfi{v') veV 

Jv 

implies the honesty of full (transport) kinetic equations 

' dtfix, v,t) + v ■ Vxf{x, V, t) + T.{v, t)f{x, V, t) 

< = / b{t,v,v')f{x,v',t)dfi{v') xGft, vGV 

Jv 

f{x,v,t)=0 if(x,f)Gr_ 

where c M*^ is a open subset, is a Borel measure over R'' with support V (we refer 
to Section 5.2 for details on the various terms in the above equation). We investigate this 
problem in the state space £ = L^{Q x V,dx ® dij{v)). Here, as in [20], we deal with 
singular and subcritical kinetic equation: namely, the kinetic equation is singular in the 
sense that the collision operator 

/ e L\v,d^,iv)) ^ [ bit,v,v')f{v')df,iv') e L\v,dfiiv)) 
Jv 

is an unbounded operator while the subcritical assumption refers to 

/ b{t, V, v')dn{v') ^ v) for a. e. (t, G M+ x V. 
Jv 

We finally provide a practical criterion of honesty of space homogeneous kinetic equations 
in terms of existence of a detailed balance condition, inspired by the results of [20]. 

In section 6, we revisit briefly some of the results of [4] for non-autonomous fragmen- 
tation equation 

POO 

dtu{t,x) = —a{t,x)u{t,x) + / a{t,y)b{t,x,y)u{t,y)dy x > 0, t > s 

J X 

under some reasonable assumptions on a{t, ■) and •, •) (see Section 6 for details). We 
show how the abstract theory developed in the first four sections of the present paper do 
fit to such a problem and allow to recover in a very simple way several results of [4] . 
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2. Perturbation theory of substochastic evolution families 

As it is the case for autonomous problem (i.e. for Co-semigroup), it is possible to obtain 
an abstract generation result for evolution families. Under the above set of Assumptions, 
one can construct an evolution family (V(t, s))t^s in £■ 

Theorem 2.1. Assume that Assumptions 1.2 hold true. Then, there exists an evolution family 

(V(t, s))t^s in £ such that 

V{t,s)u = V{t,s)u+ f V(t,r)B(r)U(r,s)Mdr, Vn G (2.1) 

J s 

Moreover, ||V(i, s)u\\^ ^ /or any u G £+ while ||V(t, s)u\\^ ^ 2j\\u\\£ for any u ^ £. 

The proof of the above result consists actually in constructing the evolution family 
(V{t,s))t^s as a generalization of the Dyson-Phillips expansion series. Precisely, define 
for any n G N: 

Vo(t,s) = U(t,s), t^s^O, and 

/■* (2.2) 

V„+i(t,s)M= / V„(t,r)B(r)U(r,s)udr, t ^ s ^ 0, u££. 

One has 

Proposition 2.2. For any n ^ and any t ^ s ^ 0, V„(t,s) G ^{£) with the following 
properties: 

(1 ) Vn (t, s)u £ £+ for any n G £"+ ; 

(2) Yll=o\\'y kit, s)u\\e i^2j\\u\\£ for anyue£ while 

n 

^ ||Vfc(t,s)u||£: ^ for any u G £+. (2.3) 

k=0 

(3) For any < s ^ r ^ t; 

n 

Vnit, s)u = ^ Vfc(t, r)V„_fc(r, s)u, Vn G £. 

k=0 

(4) For any n ^ 1, liuih^o V„(t + h, t)u = Ofor any n G £", t ^ 0. 

(5) For any s ^ 0, the mapping [s, oo) 9 t iH- V„(t, s) is strongly continuous. 

(6) For any r ^ and any t > r, the mapping s G (r, t) \ — > V„(t, s) is strongly continuous. 

Proof We prove all the above points (l)-(6) by induction. All these points are clearly 
satisfied for n = (except clearly point (4)). Assume now they hold for any k ^ n for 
some given n G N and let us prove they still hold true for A; = n + 1. In all the sequel, we 
assume t ^ s ^ to be fixed. 

(1) Let n G be given. Since V„(t,s) is a bounded positive linear operator in £, 
Yn+i{t,s)u is well-defined by Eq. (2.2) and it is clear from Assumptions 1.2 (Hi) that 
Vn+i{t,s)u G £+. 
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(2) Let us first assume u G £+ to be given. The induction assumption implies that 



n-l 



\Vn{t,r)v\\£ ^ ||?7||^ - ^ \\Yk{t,r)v\\£ 



k=0 



for any t ^ r ^ and any v G £+. Applying this to v = B(r)U(r, s)m g and using 
(1.6), we get: 

\\Vn+i{t,s)u\\£ ^ / \\B{r)lJ{r,s)u\\£dr-Y, \\V ^{1, r)B {r )IJ {r, s)u\\e dr 

n-l ..t 

^ Ms - ||U(t, s)u\\£ -Y, \\^k{t, r)B(r)U(r, s)u\\£ dr. 



fc=0 

Now, one has 



/ ||Vfc(t,r)B(r)U(r,s)u||£dr = /" (*, Vfe(t, r)B(r)U(r, s)n)£ dr 

J S J S 

' ^, j\k{t,r)B{r)\J{r,s)udr^ = (*, Vfc+i(t, s)n)^ 



/ e 

= \\\k+i{t,s)u\\^ 
from which we deduce that 

n 

\\^n+i{t,s)u\\£^\\u\\£-Y\\\k{t,s)u\\£ VnE^+, t^s^O. (2.4) 

fc=0 

This proves (2.3) and we deduce from (1.2) that ||V„+i(t, s)u\\£ ^ 27||m||£- for any u ^ £ 
and any t ^ s ^ 0. 

(3) Let t^^r^s^Obe given and let u G £^ be fixed. Using the induction assumption, 
one has 

n+l 



fe=0 



VA;(t, r)V„+i_fc(r, s)u = U(t, r)\n+i{r, s)u + V„+i(t, r)U(r, s)u 

n 

+ Y,^k{t,r)Yn+^_k{r,s)u. (2.5) 



fc=i 

Now, U(t, r)V„+i(r, s)n is equal to 



U(t,r) rV„(r,r)B(r)U(r,s)ndr = T U(i, r)V„(r, r)B(r)U(r, s)udr 

J S J S 

= V„(t,r)B(r)U(r,s)udr- / V, (t, r)V„_,(r, T)B(r)U(r, s)udT 

J S -j^ J s 
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where we used the fact that the induction formula is true for any k ^ n. In the same way, 
V„+i(t,r)U(r,s)M = / V„(t,cj)B(a)U(c7,r)U(r,s)udcJ 

J r 

= j V„(t,f7)B(cr)U(c7,s)ud(T 

J r 

from which we deduce that 

U(t,r)V„+i(r,s)u + V„+i(t,r)U(r,s)u = / V„(t, r)B(r)U(r, s)ndr 

J s 

V,(t,r)V„_,(r,r)B(r)U(r,s)udr. (2.6) 

Now, 

\n-k{r, r)B(r)U(r, s)udr 



so that 

n 



^ / Vfc(t,r)V„_fc(r,r)B(r)U(r,s)ndr, 
which, from (2.5) and (2.6) proves that 

n+1 ..I 

Vfc(t, r)V„+i_fc(r, s)u = / V„(t, r)B(r)U(r, s)ndr = V„+i(t, s)n 
fc=o ^ 

and the resuh holds true for n + 1. 

(4) Let n ^ and u G £"+ be fixed and let h ^ 0. Then, according to (2.4), 

\\Yn+i{t + h,t)u\\ ^ lliill - \\lJ{t + h,t)u\\ 
from which we easily deduce that 

lim ||V„+i(t + /i,t)Mi| = Vn e £■+ 

and the result extends to any u G f by linearity. 

(5) Given t ^ and h > 0, one has from (3) 

n+1 

V„+i(t + h, s)u - V„+i(t, s)u = ^ Vfc(t + /i, t)Vn+i-k{t, s)u+ 

k=l 

{U{t + h,t)-I)Yn+i{t,s)u. (2.7) 

Therefore, since (4) holds for any 1 ^ A; ^ n + 1 and, from the strong continuity of U(-, t) 
we clearly get from (2.7) that 

lim ||Vn+i(t + h, s)u - V„+i(f, s)u\\ = 0. 
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One proves the result similarly for h < 0. Therefore, the mapping t i-^ V„+i(t, s)m is 
continuous over [s, oo). 

(6) Let t > s > r and /i G M such that s + h £ {r,t). Assume first that h > 0. Since 



V„(t, s) = Y^ Yk{t, s + h)V^_k{s + h, s) 



k=0 



one has 



n-l 



V„(t, S + h)- Yn{t, S) = Yn{t, S + h)(I- U(S + h, s)) + ^ Vfc(t, S + /l)V„_fc(s + h, s) 

k=0 

and clearly Yn{t, s + h) — V„(t, s) strongly converges to zero as h ^ 0+. One proceeds in 
the same way for h <0 and this proves point (6). □ 

With this result in hands, one can prove Theorem 2.1. 

Proof of Theorem 2.1. As it is the case for Kato's Theorem (see [6]), the proof consists only 
in defining the evolution family (V(t, s))t^s as the strong limit of Ylk=o ^k{t, s). Precisely, 
for any fixed t ^ s ^ and any u € £■+, the sequence (^^=0 ^k{t, s)u)n is nondecreasing 
and bounded according to Proposition 2.2, (2). Therefore, one can define 

oo N 

V{t, s)u = Vnit, s)u = lim y^V„(t,s)u for any ue£+, (2.8) 

n=0 n=0 

and ||V(t, s)n||£: ^ \\u\\£, Vn G Let us now prove (2.1). Let u G £ and t ^ s ^ be 
fixed. By construction, for any n G N: 

ft J]:_^ 

(2.9) 



Y,^k{t,s)u = V{t,s)u+ / Y,Vk-i{t,r)B{r)Uir,s)udr. 
k=0 k=l 

Now, according to Prop. 2.2 (2), 

n 

Y,^k-i{t,r)B{r)\J{r,s)u 



k=l 



^ 27||B(r)U(r, s)u\\£ VO r ^ t 



and, since the mapping r G {s,t) i-> ||B(r)U(r, s)n||£- is integrable, one can use (2.8) 
together with the dominated convergence theorem to get 

> Vfc_i(t, r)B(r)U(r, s)ndr = / V(t, r)B(r)U(r, s)ndr 
- k^i ■^^ 

which, combined with (2.9) yields (2.1). Moreover, thanks to Prop. 2.2, (3), one gets 
easily that 

V(t + s)u = V(t,r)V(r,s)ii, Vt^r^s^O, u&£. (2.10) 
Let us now prove that 
i) for any s ^ 0, the mapping [s, oo) 3 V(t, s) is strongly continuous; 
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ii) for any t ^ 0, the mapping (0, t] 9 s i-^ V(t, s) is strongly continuous at s = t. 
Let us prove i) for any fixed s ^ 0, i.e. 

lim \\V(t + h,s)u-V(t,s)u\\£ =0, "if^ s, u€£. 

From (2.10), as in the proof of Proposition 2.2 (4), it is enough to prove that 

lim ||V(s + /i,s)m- V(s,s)m||£: = 0, VueS. (2.11) 

Let u & She fixed. One has 

II V(s + h, s)u — V(s, s)n||£- = || V(s + h, s)u — u\\e 

^ ||V(s + h, s)u — U(s + h, s)u\\£ + ||U(s + h, s)u — u\\£. 

According to (2.1), 

rs+h 

||V(s + h, s)u - U(s + h, s)u\\£ ^ 27 / ||B(r)U(r, s)n||^ dr 

J s 

which clearly converges to as /i — > 0+ . Since lim/t_j.o+ l|U(s + /i, s)u — u\\£ = 0, this proves 
(2.11). We prove ii) in the same way. Now, according to [17, Lemma 1.1], all the above 
properties are enough to assert that (V(f, s))t^s is a evolutionary family in £. □ 

3. A SEMIGROUP APPROACH 

It is by now well-documented that non-autonomous Cauchy problems can be handled 
with through an appropriate semigroup formulation (see [10, Chapter 3] for a thorough 
discussion on this topic). Such an approach consists actually in associating to an expo- 
nentially bounded evolution family (U(t, s))t^s on f a Co-semigroup on the vector-valued 
space 

endowed with its natural norm || • ||x given by 

/•oo 

\\f\\x= / \\f{s)\\sds, /GX. 
Jo 

It is clear that || • ||x is additive on the positive cone 

X+ = {/ e X, f{s) eS+a.e.s^ 0} 

and, as in the Introduction, the norm on X+ can be uniquely extended to a positive 
bounded linear functional * satisfying 

*ex;, (*,/)^=||/||x, /ex+. 

Clearly, * is related to * by: 

/•oo 

(*,/)^= / (*,/(s))^ds, V/eX+. (3.1) 

Jo 
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One can define the operator family (7o(i))oo on X: 

[r„(,)/i(.) = -*'^<»-*'- (3.2) 

It is easily verified that (7o(^))t>o is a Cq -semigroup in X that we shall call the evolutionary 
semigroup associated to the evolution family U and we denote its generator by {Z, !^{Z)). 
Notice that, given / G X+, since /(s) € £"+ for almost every s ^ 0, one deduces from 
Assumptions 1.2 (ii) that 

\\To{t)fh= / i|[ro(t)/](5)||£d.= / ||u(.,s-t)/(5-t)||£ds 

^ / \\f{s-t)\\eds= / ||/(r)|l£dr= ll/b. 



Using the terminology of [6], the semigroup (7o(i))t>o is substochastic. Equivalently 

In particular, if / G ^(2) n X+, one gets 

Zf)^ = lim To{t)f - f)^ ^ 0. 

In the same way, to the evolution family (V(t, s))t^s in £" constructed in Theorem 2.1, one 
can associate a substochastic Co-semigroup {T{t))t^Q in X defined by 

[r«)/i(.)J„^<--"^(»-*'- 'tl^\,^ (3.3) 

10 s^O, s — t^M+, J G X. 

Its generator will be denoted by {Q, &{Q)) and 

(*,e/)x^o v/G^(e)nx+. (3.4) 

3.1. Construction of an additive perturbation ^. We want to understand in this section 
the link between Q and Z. In particular, we aim to prove that Q is the (minimal) extension 
of some additive perturbation of Z, of course related to the family (B(t))f^o- To do so, a 
first natural attempt would be to introduce the 'multiplication' operator in X : 

5S / = B(-)/(-) with 

&m = {/ G X , fis) G ^(B(s)) a.e. s > 0, B(-)/(-) G X}. ^^"^^ 



To do so, we need additional assumptions on the family (B(t)) 



Assumption 3.1. Let A = {(t,s) ; ^ s ^ t < oo} In addition to Assumptions 1.2, we 
assume that, for any / G X, the mapping 

{t, s) G A ^ B(t)U(t, s)f{s) G S 

is well-defined for almost {t, s) G A and is measurable. 
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Remark 3.2. For any / € X, the mapping 

{t, s) G A ^ B(t)U(t, s)f{s) G S 

turns out be integrable. Indeed, for any T > 0, set At = {{s,r) ; ^ r ^ s ^ T} and 
assumes first f{s) G £+for almost every s ^ 0. Then, by Fubini's theorem 

[ \\Bit)lJ{t,s)f{s)\\£dsdt= r dt f \\Bit)Vit,s)fis)\\£ds 
J At jo Jo 

= r ds r mt)\j{t,s)f{s)\\edt^ r \\f{s)\\eds 

Jo Js Jo 

according to Assumptions 1.2 (iv). Letting then T ^ oo, we get that 

[ \\B{t)U{t,s)f{s)\\£dsdt^\\fy V/GX+ 
J A 

for which we deduce easily the result for general / G X. 

In all the sequel, we shall assume that Assumptions 3. 1 are in force. Introduce the 
following definition: 

Definition 3.3. For any A > and any f £ 3C, let 5Sa/ : s ^ i-^ [5Sa/](s) be given by 

[»a/](s)= / exp(-A(s-r))B(s)U(s,T)/(r)dr /ora.e. OO. (3.6) 
Jo 

Then, one has the following 
Proposition 3.4. For any A > and any / G X, 5Sa/ G X with 

l|5SA/b^ll/b V/GX+. 

In particular, *Ba : / G X i-^ *Ba/ is a bounded operator in X. Moreover, for any / G X and 
any A > 0, the following holds 

[(A-erv] (t) = [(A-zrv] (t) 

+ [ exp(-A(t-r))V(t,r)[*BA/](r)dr for a.e. t ^ 0. (3.7) 
Jo 

In other words, 

{X-g)'^^j = {X-gy^f-{X-zy^f V/ g X, VA > o. (3.8) 

Proof The first part of the proposition is easy to prove using (1.6) and we focus on the 
proof of (3.7). Let / G X be fixed. Since G is the generator of (7o(t))i^o, one has for any 

A > 0, 



[(A-^)-V] it) 



exp{-Xs)Tois)fds 



poo 

/ exp(-As) [To{s)f] {t)ds for a.e. t ^ 0. 
Jo 
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Notice that, to prove the above second identity, we can invoke [24, Lemma 3.2] since 
the mapping s G i-)- exp(— As)7o(s)/ € X is integrable. Using again [24, Lemma 
3.2], since the mapping (t, s) G M+ x R+ i-^ exp(-As)x+(t - s)lJ{t,t - s)f{t - s) G <S is 
measurable and, for any s ^ 0, one has [exp(— As)7o(s)/](t) = exp(— As)x+(i — s)U(t, i — 
s)f{t — s) for almost every t ^ 0, we get 

[{\- Z)~^f]{t) = I exp(-A(t-s))U(t,s)/(s)ds for a.e. t ^ 0. (3.9) 
In the same way, 

[{X-g)-^f]{t)= [ exp{-X{t- s))Y{t,s)f{s)ds for a.e. t ^ 0. (3.10) 
Jo 

Now, for a given s G (0, t), applying Duhamel formula (2.1) to u = f{s), we get 

/ exp(-A(t-s))V(t,s)/(s)ds = [ exp{-X{t - s))V{t,s)f{s)ds 
Jo Jo 

+ [ exp(-A(t - s))ds [ V(t,r)B(r)U(r,s)/(s)dr 

JO Js 

which, thanks to Assumptions 3.1 and according to Fubini's theorem, yields 

/ exp(-A(i-s))V(i,s)/(s)ds = [ exp(-A(t - s))U(t, s)/(s)ds 
Jo Jo 

+ [ dr [ exp(-A(t-s))V(t,r)B(r)U(r,s)/(s)ds. 

JO JO 

Since V(t, r) G for any t ^ r ^ 0, we easily get that 

/ exp(-A(t-s))V(t,s)/(s)ds = [ exp(-A(t - s))U(t, s)/(s)ds 
JO Jo 

+ / exp(-A(t-r))V(t,r)dr / exp(-A(r - s))B(r)U(r, s)/(s)ds 

JO JO 

which, combined with (3.10), (3.9) and (3.6) yields (3.7). □ 

An important consequence of the above Proposition is the following which is inspired 
by [27] 

Theorem 3.5. One has Si{Z) c Si{Q). Let % with domain Si{%) = Si{Z) he defined as 

%f = gf- Zf V/ G ^{Z). 
Then, 53 is Z-bounded and for any f G &{Z) one has 

%f= lim A5Sa/. (3.11) 

A— >oo 
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In particular, OS/ G X+for any f G &{Z) n X+ and 



(^Z + <Bj /^^ ^ V/G^(Z)nje+. (3.12) 
Finally, the following Duhamel's identity holds 

T{t)f = To{t)f + f T{t - s)%To{s)fds V/ G ^(2), t ^ 0. (3.13) 

JO 

Proof. The fact that i^(^) C ^(0) is a direct consequence of (3.8). With such a property, 
the above definition of the unbounded operator OS makes sense. Notice that, with such a 
definition, {Q, &{G)) can be seen now as an extension of {Z + 5S, ^(Z)). Let now / G X 
and A > 0, setting g = {X — Z)~^f, applying the operator (A — G) to the left of Eq. (3.8) 
yields 

«a/ = / - (A - g)g = (A - Z)g - (A - g)g = {G - Z)g = %g 
since g G This exactly means that 

5Sa = ^(A-Z)"^ G^(X) VA>0. (3.14) 

In particular, *B is 2-bounded. Now, as a generator of a Co-semigroup, the operator 
{Z, &{Z)) satisfies 

lim A(A - Z)-^f = f and lim XZ{X - Z)-^f = Zf V/ G &{Z) 

A— >-oo A— ^oo 

(see e.g. [13, Lemma II.3.4]). Using the fact that *B is ^-bounded, this proves (3.11) 
and, since 53 a is non-negative, we get that 53 is a non-negative operator. Finally, (3.12) 
follows easily from (3.4) since G is an extension of (2 + *B, ^{Z)). It remains now to prove 
Duhamel's identity (3.13). To do so, one notices that, according to (3.8) and (3.14), 

{x-Gr^f = {x-zy^f + {x-Gr^%ix-z)-^f v/gx, A>o. (3.15) 

Now, for / G S'{Z), %{s)f G &{Z) for any s ^ and, since 53 is ^-bounded, one has 

roo roo 

%{X-Z)-^f = % / exp(-As)7^)(s)/ds = / exp{-Xs)%To{s)fds. (3.16) 
Jo Jo 

Thus, thanks to Fubini's theorem 

{X-GY^^{X- Z)-^f = j exp{-XT)TiT) U exp(-As)^ro(s)/dsj dr 

/•oo / POO \ 

= ^ expi-X{s + T))T{r)%Tois)fdrjds 

/oo / POO \ 
U exp(-At)r(t - s)%Tois)fdt] ds 

with the change of variable t ^ t = s + t. Using again Fubini's theorem yields then 

(A - Gy^%{X - Z)-^f = exp(-At) (^^* r{t - s)%%{s)fd^ dt 
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and one sees that (3.15) reads 

/ exp{-Xt)rit)fdt= / exp{-Xt)Toit)fdt 
Jo Jo 

+ exp(-At) (^j^ r{t - s)%ro{s)fds^ dt f £ &{Z), A > 

which is exactly (3.13). □ 

Remark 3.6. If we define, as in [24] the set D as the subspace of X made of all linear 
combinations of elements of the form: 

t > I — > ip{t)JJ{t, s)u where s > , n G £" 

and if G '^c^(M) with supp((/?) G [s,oo), then one can prove (see Lemma A. 1 in Appendix A) 
that D c ^(Z), D c ^(*B) and = Thus, % is an extension of *B|j,. Moreover, if 
/ G Duhamel's identity (3.13) holds with *B instead of%. 

From the general substochastic semigroup theory as developed in [6] (more precisely, 
according to Kato's theorem [6, Theorem 2.1 & Theorem 2.3]), one deduces from (3.12) 
that there exists an extension of + &{Z)) that generates a minimal substochastic Co- 
semigroup in X. Our goal is to prove that such an extension is exactly G and the minimal 
semigroup is exactly (T(t))f>o- To do so, let us introduce the following 

Definition 3.7. For any / g X, t ^ and n G N, define 

[Tn{t)f] (r) =X+{r- i)V„(r, r - t)f{r - t) r ^ 

One has the following 

Lemma 3.8. For any n G N and any t ^ 0, Tn{t) e Moreover, for any A > 

/ exp(-At)r„(t)/dt = (A - *B(A-Z)-i / V/ G X. (3.17) 

Jo L ^ 

Finally, for any f G &{Z) and any n ^ 1 

r„(t)/= f Tn-i{t-s)%To{s)fds t^O. (3.18) 
Jo 

Proof The fact that Tn{t) is a bounded operator for any n G N and any t ^ is easily 
seen. Let us now prove (3.17) by induction. It is clear that, for n = 0, (3.17) holds 
true. Assume now it holds for some fixed n G N. Let now / G X. Considering that 
(i, r) G M"*" X M+ H- exp(— AT)x+(t — r)V„4_i(t, t — T)f{t — t)£ is measurable, we deduce 
from [24, Lemma 3.2] that the following holds for any t ^ 

poo "I roo 

/ exp(-Ar)r„+i(T)/dr (t) = / exp(-Ar)x+(t - T)V„+i(t,t - T)/(t - r)dr 
Jo J JO 

= / exp(-A(t-s))V„+i(t,s)/(s)ds. 

JO 
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For some fixed s G (0, t), using (2.2) with u = f{s) one obtains 

^"exp(-Ar)r„+i(r)/dr (t) = (^£exp(-A(i - s))V„(t, r)B(r)U(r, s)/(s)dr^ ds. 

Considering that the mapping (r, s) G A i-^ V„(t, r)B(r)U(r, G f is measurable 

and that V„(t,r) is a bounded operator for any t,r ^ 0, we obtain thanks to Fubini's 
theorem that 

exp(-Ar)r„+i(T)/dr (t) = exp(-A(t - s))V„(t, r)B(r)U(r, s)/(s)dsj dr 

= ^ exp(-A(t - r))V„(t, r) exp(-A(r - s))B(r)U(r, s)/(s)dsj dr. 



Now, from (3.6) one gets 



(t) = feM-Ht - r))Yn{t,r)[mxf]{r)dr. 
Jo 



exp{-XT)Tn+l{T)fdT 

Arguing as before, one recognizes that 

pco roc 

/ exp(-Ar)r„+i(T)/dr= / exp(-Ar)r„(r)*BA/dT. 
Jo Jo 

The induction hypothesis finally yields 



exp(-Ar)r„+i(T)/dr = (A - Z)-^ \%{X - Zy' 



which exactly means that (3.17) holds for n + 1 since *Ba = 5S(A - ^) ^. Let us now prove 
(3.18). Forn G N, n ^ 1 and / G &{Z), one sets 

Jn{t) := / Tn-lit-s)%To{s)fds. 

Jo 

Notice that, To{s)f G &{Z) so 5S7o(s)/ is meaningful for any s ^ 0. Now, according to [6, 
Theorem 2.3 & Eq. (2.13)], one knows that 



exp{-Xt)Jnit)dt = {X-Zy^ %{X-Z)-^ 



f VA > 0. 



Using (3.17), one sees that J'„(t) and Tn{t)f have the same Laplace transform which 
shows (3.18). □ 

Remark 3.9. Notice that, on the basis of formula (3.18), one can reproduce the argument of 
[6, Proposition 4.1 (i) & (ii)] and prove that the following hold: 

(1 ) For any f G &{Z), the mapping t G (0, oo) i — Tn{t)f is continuously differentiable 
with 

^{Tn{t)f = Tn{t)Zf + Tn^l{t)%f. (3.19) 
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(2) For any f £ &{Z), Tn{t)f G &{Z), the mapping t G [0, oo) i — > ZTn{t)f is continu- 
ous and 

ZTn{t)f = Tn{t)Zf + Tn-l{t)%f - %Tn-l{t)f. (3.20) 

Indeed, the proof of [6, Proposition 4.1 (i) & (ii)] relies only on the relation (3.18) and not 
on the fact that the sequence of iterated is obtained via Kato's theorem. 

Notice that, besides (3.18), one can state another equivalent induction relation be- 
tween Tn{t) and Tn+i{t), namely 

Lemma 3.10. For any f G &{Z) and any lit holds 

Tn{t)f= I %{t-s)%Tn-i{s)fds t^O. (3.21) 
Jo 

Proof Let / G &{Z) and n ^ 1 be fixed. Define gn{t) = Tn{t)f, t ^ 0. One knows from 
point (2) of Remark 3.9 that gn{t) G &{Z) for any t ^ 0. Moreover, combining (3.19) 
and (3.20) one checks easily that gn{-) is continuously differentiable. Since moreover 
gn{0) = 0, one sees that the mapping t ^ gn{t) G X is a classical solution to the 
Cauchy problem 

—gn{t) = Zgn{t) + %Tn-l{t)f t > 

at 

JniO) =0 

and, since Z is the generator of the Co-semigroup {To{t))t^o, one gets that 

gn{t) = [Woit - S)%rn-l{s)fds = f To[s)%Tn-l{t - s)fdsyt ^ 

Jo Jo 
which is exactly (3.21). □ 

With this in hands, one can finally prove that the semigroup {T{t))t^o is exactly the 
one constructed thanks to Kato's theorem [6] . Namely, one has the following: 



Theorem 3.11. For any A > 0, the resolvent of Q is given by 

|5S(A-Z)-^ 

k=0 



r ik 

(A-g)-V= lim(A-Z)-iV^(A-Z)-i /, feX. (3.22) 



The semigroup (T(t))t>o is the smallest substochastic Co-semigroup whose generator is an 
extension of {Z + ^{Z)) and 

oo 

nt)f = J2rn{t)f vt^o, /GX. 

n=0 
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Proof. For / G X+ one has, for any ^ 0, J2n=o'^n{t)f G X+ and 



n=0 



AT 



dr 



J^V„(r,r-t)/(r-t) 

n=0 

^||V„(r,r-t)/(r-t)|l^dr. 



n=0 



For some given r ^ t ^ 0, since /(r — t) G one can apply (2.3) to get 



N 



^\\Vn{r,r-t)f{r-t)\\,^\\f{r-t)\\e 



n=0 



and 



N 



n=0 



|/(r - t)||^dr 



\\f{s)\\eds 



Therefore, the sequence (^^n=o'^n(t)f^ ^ is a nonnegative and bounded sequence of X. 

It converges towards some hmit that we denote T{t)f . Since V(t, s)u = Y^^=Q^n{t, s)u 
for any u ^ 8 and any (t, s) G A, it is not difficult to deduce from Definition 4.13 that, for 
any / G X+, the limit T{t)f has to coincide with T{t)f, i.e. 



nt)f = Y,'T'n{t)f vt^o. 

n=0 

Now, since for any A > one has 

roo ^ poo 

(A - gy'f = / exp{-Xt)r{t)fdt = llm V / exp(-At)r„(t)/dt 

one immediately gets (3.22) from (3.17) for any / G X+. Clearly, the identity extends to 
general / G X by linearity. Now, with Theorem 3.5 and the subsequent Remark, one sees 
that (3.22) is enough to conclude that the semigroup (T(t))t^o is exactly the one obtained 
applying the classical substochastic semigroup theory in X (see [6, Theorem 2.1]) and the 
other properties follow. □ 

At this stage, as just explained in the above proof, one sees finally that the semigroup 
{T{t))t^Q is exactly the semigroup obtained by applying Kato's theorem [6, Theorem 2.1] 
to the operators Z and its perturbation ^. In particular, we shall be able, in the next 
section to exploit the recent results about the honesty theory for perturbed substochastic 
semigroups and extend them to build an honesty theory for perturbed evolution families. 
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3.2. Reminder on the honesty theory of Co-semigroups. We recall here some of the 
results we obtained recently for perturbed substochastic semigroups in abstract Banach 
spaces. We refer the reader to [6] for further details. The honesty of the semigroup 
{T{t))t^Q is defined through several useful functionals. Precisely, let 

ao : /e^(g)^Oo(/) = -(*,a/)xGM. 

and let a denote its restriction to &{Z), i.e. 

a : f e&{Z)^a{f) = -(^^,Zf + %f)^£R. 
Then, one has the following result which allows us to define a third functional a: 
Proposition 3.12. ([6, Prop. 4.5]) For any f e there exists 

lim i V a f r Tn{s)fds] =: a{f). (3.23) 

Furthermore, for f G &{g)+, a{f) ^ ao(/) ^ \\gf\\. 

With this in hands, one defines the concept of honest trajectory [6, Definition 4.7] (see 
also [6, Section 3] for an equivalent notion of honesty): 

Definition 3.13. Let f e X^be given. Then, the trajectory {T{t)f)t^o is said to be honest 
if and only if 

\\rit)f\\x=\\fh-a(^j^ r(s)/ds), foranyt^O. 

The whole Co-semigroup {T{t))t^Q will be said to be honest if all trajectories are honest. 

Remark 3.14. Notice that, in the formally conservative case, by virtue of Proposition 4.6, 
a(f) = for any f G &{Z) so that the trajectory {T{t)f)t^Q is honest if and only \\T{t)f\\x = 
II /or any t ^ 0. Thus the whole semigroup is honest if and only if it is conservative. 

We recall, at this stage, the definition of the honesty for the evolution family (V(t, s))t^s '■ 

Definition 3.15. The evolution family (V(t,s))t^s is said to be honest in £ whenever the 
Co-semigroup {T{t))t^o tn X, given by (3.3), is honest in X. 

Remark 3.16. We will provide, in Section 4.3, that it is also possible to give a definition of 
honest trajectory (V(t, s)u)t^s tn £ for any u G 8j^. 

Necessary and sufficient conditions of honesty are provided in [6] in terms of the per- 
turbation 5S (see [6, Theorem 4.8]): 

Theorem 3.17. Given f G X+, the following statements are equivalent 

(1) the trajectory (T(t)/)t>o is honest; 

(2) /q r(s)/ds G ^{Z + %)for any t > 0; 
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(4) lim„ 
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(3) the set ( 5S 7^(s)/ds ) is relatively weakly compact in Xfor any t > 0; 

/ n 

^ /d Tn(s)/ds||_^ = 0/or any t > 0. 

Clearly, these sufficient conditions are given in X and involve mathematical objects 
defined in the lifted space X. This is not satisfactory when dealing with the honesty of 
the evolution family (V(t,s))t^s in £■ The purpose of the next section is to provide an 
explicit criterion for (V(t, s))t^s involving only mathematical objects defined in £, namely 
(B(t))t^o and the sequence of iterated (V„(t, s))„. The first technical difficulty will be to 
give a practical interpretation (in terms of B(-)) of the perturbation 5S. 

4. Criterion for the honesty of (V{t,s))t^s 

4.1. Practical interpretation of 53. In this paragraph, we provide a practical representa- 
tion formula for the operator (*B, &{Z)). The following results use several fine properties 
of both the operators Z and *B, which for the convenience of the reader, have been post- 
poned in an Appendix (see Appendix A) . 

To obtain a practical characterization of the operator ^, we need the following assump- 
tion 

Assumption 4.1. Assume that the family (B(t))t^o is such that, for any t ^ 0, B{t) is 
'increasingly closed' in the sense that: if {un)n C ^(B(t)) n £+ is increasing with lim„ Un = 
u G and sup„ ||B(t)n„||£- < oo then u G ^(B(t)) and 

IimB(t)n„ = B(t)n. 

n 

Remark 4.2. Clearly, if'B{t) is a closed operator then the above holds true. Notice however 
that assuming that B(t) for any t ^ is a closed operator is a too strong hypothesis for 
the applications we have in mind. On the contrary. Assumption 4.1 will be satisfied in the 
practical situations we will consider in the second part of the paper It holds true in particular 
whenever B(t) is a suitable integral operator with nonnegative kernel on some L^-space. 

With this additional assumption, the operator OS has the following interpretation: 

Proposition 4.3. Assume that Assumptions 3.1 and 4.1 are in force and let f e S>{Z) be 
given. Then f{t) G &{'B{t)) for almost every t ^ and 



(t) = B(t)/(t) for almost every t ^ 0. 



In other words, *B/ = ^f for any f G ^(Z), i.e. &{Z) c ^(*B) and ^\g^z) = *B. 

Remark 4.4. The reader may legitimately ask why we introduced a new operator !B if at 
the end, ^8 is only the multiplication operator !B. Here are two answers to this natural 
question. First, it appears very difficult, even under Assumption 4. 1 to prove directly that 
D &{Z) and that ^f = gf - Zf for any f G ^{Z). Second, the conclusion of Prop. 
4.3 may change drastically if Assumption 4.1 does not hold. Indeed, if instead of Assumption 
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4.1, one assumes (which would sound more natural) that B(t) is closablefor any t ^ with 
closure in £ given by 'B{t), then one can prove following the approach of [17] that, for any 

%f]{t) = Bit)fit) fora.e.t^O. 
We leave the details to the reader 

Proof of Proposition 4.3: Let 5 G X+ be given and let A > 0. Since limj_^o+ II exp(— At)7o(t)5- 
g||x = and 53 a is a bounded operator, one has 

lim IIQSa exp(-At)ro(t)<7 - "Bxgh = 0- 

t-s>0+ 

In particular, for any decreasing positive sequence (tn)n> with lim„ t„ = 0+, there exists a 
subsequence (still denoted by {tn)n) such that 

lim [^xeM->^tn)To{tn)9] (s) = ["BxgKs) a.e. s ^ 

where, of course, the convergence is meant in E. According to Lemma A.5, we can choose 
the sequence (tn)n such that 

[*Ba exp(-At„)ro(t„)5] (s) = B(s) / " exp(-A(s - r))U(s, r)(7(r)dr for a. e. s ^ t„. 

Jo 

This means that the following convergence holds in £: 

f-S — tn 

lim B(s) / exp(-A(s -r))U(s,r)5(r)dr = [^x9]{s) a.e. s ^ 0. 

n^oo 

For such a choice of s ^ 0, let 

Un= exp(-A(s - r))U(s,r)5r(r)dr. 

Jo 

Then, by virtue of (3.9) and since g{T) G 6+ for a.e. r ^ 0, {un)n is an increasing sequence 
of which converges to 

u=[iX-Z)-'g] is). 

Since moreover (B(s)un)n converges (towards [^xg]{s)), it is a bounded sequence of £ 
and, according to Assumption 4.1,uG^(B(s)) and 

limB(s)un = B(s)m. 

n 

This reads [(A - Z)-^g] (s) £ &{B{s)) with 

[^xg]{s) = B{s)u = B{s) [(A - Z)-'g] (s). 

Then, for 5 G X, writing g = gi — g2 with (/j G X+ i = 1, 2, we get that 

i^xg] (s) = B{s) [(A - Z)-'g] (s) for a.e.s ^ 0. 

Let now / G ^{Z). There is A > and 5 G X such that / = (A — Z)^^g and the above 
identity reads now [QS/](s) = B(s)/(s) for a.e. s ^ which proves the Proposition. □ 



23 



Using the above properties of OS and results obtained in Appendix A, we can prove the 
following: 

Proposition 4.5. Assume that Assumptions 3.1 and 4.1 are in force. For any f ^ X, one 
has 

/ U(s, r)/(r)dr e ^(B(s)) for almost every s ^ 
Jo 

with 

B(s) / U(s, r)/(r)dr = / B(s)U(s, r)/(r)dr for almost every s ^ 0. 
Jo Jo 

Proof The proof is a simple consequence of the Lemma A. 3 given in Appendix. □ 

With the above interpretation of OS one can make more precise condition (3.11) in 
Theorem 3.5: 

Proposition 4.6. Assumethat Assumptions 3.1 and4.1 are in force. Then the following are 
equivalent 

(1) , + ^) ^ 0/or any f G &{Z)+; 

(2) / ||B(r)U(r, s)u\\£dT ^ ||n||£- — ||U(t, s)u\\£ for any u e £+ and any t > s ^ 0. 

J s 

Moreover, in the formally conservative case both are identities. 

Proof Recall that, according to Lemma A. 4 in the Appendix, for any / € X+ and any t > 0, 
it holds 

, » ^* To{s)fdsy = (^1^^' ||B(r)U(r, r)/(T) |1^ dr^ dr. (4.1) 
On the other hand, Z 7o(s)/ds = To{t)f — f from which we deduce easily that 

rt \ poo poo 

Tois)fds) = \\vis + t,s)f{s)\\sds- \\fis)\\sds. (4.2) 
Jo / X Jo Jo 

Combining (4.1) with (4.2) we obtain 

, + 1^ To{s)fds'^ = ||B(r)U(r, r)/(r) ||^dr^ dr 

roc POO 

+ \\\J{s + t,s)f[s)\\£ds- \\f{s)\\£ds. (4.3) 
JO Jo 

Let us now come to the equivalence between (1) and (2). Assume (1) to be satisfied. 
Then, for any t > and any / G X+ one has from (4.3), 

poo / pT-\-t \ poo poo 

U ||B(r)U(r,r)/(T)|UdrJdr^ \\f(r)\\edr - ||U(t + t, r)/(T) ||^dr 
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In particular, if / G X+ is such that f{s) = ip{s)u for any s ^ where G 5^+ and ip is a 
nonnegative continuous function with compact support in M+, one gets 

V^{r)U ||B(r)U(r,r)u||£drJ dr ^ J (^(r) - ||U(t + t, T)M||f ) dr. 

Since the nonnegative function (f G ^cO^+) is arbitrary, one obtains directly that (2) is 
satisfied. Moreover, an identity in point (1) will clearly result in an identity in point (2). 

Assume now that (2) is satisfied and let / G be fixed. Since /(r) G £+ for a. e. 

r we deduce from (4.3) that 

* , + ^) ^ To{s)fds^ ^0 Vt ^ 0. 

Moreover, because / G one has 

lim I f%{s)fds = f and lim -Z f%{s)fds= lim \ f %{s)Z fds = Z f . 
t^o+ t Jq t^o+ t Jq t->o+ t Jq 

Since !B is Z-bounded, we deduce that (*,(z + *B)/) ^0 which is point (1). Again, 



one easily gets that an identity in point (2) (which is the definition of the formally conser- 
vative case) will yield an identity in (1). □ 

4.2. About Dyson-Phillips iterated. In this paragraph, we derive an alternative expres- 
sion for the Dyson-Phillips iterated introduced in (2.2). Namely, let us introduce the family 
of iterated Dyson-Phillips as follows: for any u G £ and any t ^ s ^ 0, set 

Vo(i, s)u = U(t, s)u 

and, for any n ^ 1, set 

V„(t,s)u= / V{t,r)B{r)\n~i{r,s)udr. (4.4) 

J s 

One has the following 

Proposition 4.7. Assume that Assumptions 1.2 and 4.1 are in force. Let u e £ and s ^ 
be fixed. Then, for any n G N, V„(t, s)u is well-defined with 

V„(t, s)u G &(B{t)) for almost every t ^ s 

with ^ 

B(f)V„(t,s)n= / B(t)U(t,r)B(r)V„_i(r,s)ndr. (4.5) 

J s 

Moreover, the mapping t G [s, oo) ^ B(i)V„(t, s)u G £ is integrable. Finally, 

[ |lB(r)V„+i(r,s)u||£dr ^ / ||B(r)V„(r, s)u||£dT - / ||U(t, r)B(r)V„(T, s)u|l^dr 

J s J s J s 

for any u € £^,t ^ s, (4.6) 

with an equality sign in the formally conservative case. 
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Proof. The proof of the proposition follows by induction. Let us explain why V„(t, s)u is 
well-defined for any n G N. For n = 1, since Vo(r, s)u = \J{r,s)u G ^(B(r)) for a.e. 
r ^ 0, there is no problem to define 

Yi{t,s)u= I U(t,r)B(r)U(r,s)udr. 

J s 

Now, with s ^ fixed, define /o(?') = X+(s — r)B(r)U(r, r ^ 0. One has /o G 3C 
according to (1.6) and 



\i{t,s)u= ['\J{t,r)Mr)dr. 
Jo 



According to Prop. 4.5, Vi(t, s)m g ^(B(t)) for a.e. t G [s,oo) and the mapping t G 
[s,oo) H> B(t)Vi(t,s)u G f is integrable. Then, Y2{t,s)u is well-defined and, repeating 
the argument, one gets the first part of the Proposition. Let us now prove (4.6). Let u G <S+ 
and n G N. Define fair) = B(r)V„(r, s)n G £+ for a.e. r G (s,t). Clearly, fn G X+. Now, 
according to Proposition 4.5, one has 

B(r)V„+i(T, s)u = B(r) T U(r, r)B(r)V„(r, s)ndr 

J s 

= B(T)U(T,r)B(r)V„(r,s)tidr a.e. r G 



I.e. 



/n+i(r) = ^ B(r)U(r,r)/„(r)dr for a.e.r G (s, t). 

In particular fn+i G X+ and it follows easily by induction that the mapping 

(r,r) G A^B(r)U(r,r)/„(r) 
belongs to L^(A,£'+). Therefore, 

r||/n+i(T)bdT= f dr f \\B{T)\J{r,r)Ur)\\,dr 

tJ s J s ^ s 



dr f \\B{T)\]{T,r)U{r)\\^dT 

Jr 



thanks to Fubini's theorem. From (1.6), 

''*||B(T)U(T,r)/„(r)||^dr^ ||/„(r)||^-||U(t,r)/„(r)||^ 

J r 

SO that ^ ^ 

\fn+i{T)\\,dT^ [ \\U{r)\\sdr-f ||U(t,r)/„(r)Mr 

J s J s 

which is exactly (4.6) by definition of /„(r). Notice that, in the formally conservative case, 
the last two inequalities are identities. □ 

An important consequence of the above Proposition is the following estimate 
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Corollary 4.8. For any n G N and any n e £"+ one has 



^ll^- ^ II^IU ~ / l|B(T)V„(r, s)u||£:dr 
fc=o "^^ 



with the equality sign in the formally conservative case. 

Proof. The proof follows easily from the above Proposition. Indeed, one has 



lV„+i(t,s)u||£- 



U(t, r)B(r)V„(r, s)udr 



|U(t,r)B(r)V„(r,s)u|Ldr 



\B{T)Vn{T,s)u\\£dT 



|B(t)V„+i(t, s)ii||£:dr 



where the last inequality is exactly (4.6). Notice that the last inequality becomes an 
identity in the formally conservative case. Then, using (1.6), one obtains easily the result 
by induction. □ 

With the above results in hands, one proves the following along the same lines of 
Proposition 2.2 (details are left to the reader): 

Proposition 4.9. For any n ^ one has 

(1 ) for any ^ s ^ r ^ t; 

n 

Yn{t, s)u = ^ Vfc(t, r)V„_fc(r, s)u, Vn G £. 

k=0 

(2) The mapping {t, s) G A V„(t, s) is strongly continuous. 

Our goal is now to prove that V„(t, s) = V„(t, s) for any n G N and any (t, s) G A. To do 
so, for technical reason, we shall need here some stronger measurability than Assumption 
3.1. Namely, we shall assume here the following 

Assumption 4.10. Let A = {{t, s) ; ^ s ^ t < oo} and A2 = {{t, s,r) ; 0^r^s^t< 
00}. In addition to Assumptions 1.2, we assume that, for any f G L^{A, £), the mapping 



(t,s,r) G A2 ^ B{t)V{t,s)f{s,r) G £ 



is measurable. 



Remark 4.11. It can be seen that Assumption 4.10 includes our previous Assumption 3.1 as 
a particular case. Moreover, if the space £ is a space of type L (typically, if £ is a -space, 
see [7, Theorem 2.39]) then the results of the following section would hold under the sole 
Assumption 3. 1 (see Remark 4.15 after Proposition 4.14). 

We begin with a technical lemma where the above Assumption 4.10 is fully exploited: 
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Lemma 4.12. For any / G X, n G N the mapping 

{t,s)eA^B{t)Vn{t,s)f{s)e£ 
is measurable. In particular, for any t ^ 0, the mapping 

(r, s) £ (0, t) X {t, oo) I — > U(s, s - r)B(s - r) V„(s -t,s- t)f{s - t) £ £ 
is measurable. 

Proof. One first notices that, for any n ^ 1 

B(S2)V„(S2, = r B(S2)U(S2, r)B(r)V„_i(r, si)/(si)dr Vs2 ^ ^ 0. 

J Sl 

Then one easily proves by induction that Assumption 4.10 impHes that the mapping 

(si,S2) G A ^ B(s2)V„(s2,si)/(si) G f 
is measurable for any n G N. The conclusion follows. □ 

With this in hands, let us introduce the following definition: 
Definition 4.13. For any f e X, t ^ and n G N, define 

\Tnit)f] (r) = x+ir - t)Vnir,r - t)f{r - t) r ^ 0. 

It is easily seen that Tn{t) is a bounded operator in X for any t ^ and any n G N. One 
proves the following 

Proposition 4.14. Assume that Assumptions 4.10 and 4.1 are in force. For any n G N, one 
has Tn{t) = Tn{t)for any t ^ 0. 

Proof Let us prove the first part of the result by induction. It is cleat that, for n = 0, 
To{t) = To{t) for any t ^ 0. Assume now that there is some n ^ such that 

Tnit)f = Tn{t)f V/ G X, t ^ 0. 

Let / G S!{Z) be fixed. According to the definition of Tn+i{t) one has for any s ^ t ^ 

[r„+i(t)/] (s) = v„+i(s, s - t)f{s - 1) 

= I U(s,r)B(r)V„(r,s-t)/(s-t)dr 

Js-t 

= [ lJ{s,S-T)B{s-T)Vn{s-T,S-t)f{s-t)dT. (4.7) 

Jo 

Now, for any s ^ t ^ r > 0, one has 

Vn{s -T,S- t)f{s -t)= [rn(i " t) f] {s - t) = [Tn{t " t) f] {s - t) 

according to Definition 4.13 and the induction hypothesis. At this stage, one makes the 
following observation: since 7^(t — r)/ G &{Z) for any t ^ r ^ and since any g G S!{Z) 
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is such that g{s) G ^(B(s)) with [QS(7](s) = 'B{s)g{s) for any s ^ (see Proposition 4.3), 
one gets Tn{t — r)/ e ^(^) for any s ^ r ^ with, for any fixed r G [0, t] one has 

B{s - t)V„(s -t,s- t)f{s -t)= \%Tn{t - r)/] (s - r) for a. e. s ^ t. (4.8) 

Consequently, 

U(S, S - r)B(s - T)Yr^{s -T,S- t) f {s - t) = [TQ{T)%Tn{t - t)/] (s) fot a. e. s ^ t. 

Then, using Lemma 4.12 together with [24, Lemma 3.2], one has 



U(s, s - r)B(s - r)V„(s - r, s - t)f{s - t)dr 



Combining (4.7) and (4.9) we get therefore 



ro(T)5Sr„(t - T)/dr (s) 
for almost any s ^ t. (4.9) 



Tn+i{t)f= / ro(r)*Br„(t - T)/dr. 

JO 

Now, according to Lemma 3.10, one obtains that 

Tn+l{t)f = Tn+l{t)f Vt^O. 

This identity is true for any / e Since &{Z) is dense in X and both 7^(t) and 

Tn{t) are bounded operators, we get the first part of the Proposition. With Definition 
4.13, the fact that Tn{t) = Tn{t) translates immediately into V„(t,s) = V„(t,s) for any 
{t,s)£A. □ 

Remark 4.15. Notice that, if £ is an L-type space (see [7, p. 39]J then (4.9) will hold under 
the sole Assumption 3. 1 . 

As a general consequence of the above results, we have the following 

Proposition 4.16. Assume that Assumptions 4.10 and 4.1 are inforce. For any u G and 

any n G N, 

V„(t, s)u G &{B{t)) for almost every t^s 

with 

I ||B(r)V„+i(T,s)u||^dT ^ / ||B(T)V„(T,s)u||^dr ^ Vn G N. 

J s J s 



Moreover, 



\\^k{t,s)u\\£ ^ \\u\\£ - / ||B(r)V„(r, s)n||£:dr 

fe=o 



with the equality sign in the formally conservative case. 
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Proof. Let n G N be fixed. Since Tnit) = Tn{t) for any t ^ , one also has V„(t,s) = 
Yn{t,s) for any (t,s) G A. Then, for any u G £"+, s ^ 0, V„(t, s)n G ^(B(t)) for almost 
every t ^ s according to Proposition 4.7 and (4.6) reads 

r ||B(r)V„+i(T, s)n||^dr ^ T i|B(r)V„(T, s)u\\edT - f ||U(t, T)B(r)V„(r, s)u\\edT 

J s J s J s 

with an equality sign in the formally conservative case. The first part of the Proposition 
follows then easily. The second part follows from a direct application of Corollary 4.8. □ 

Moreover, one has the following: 

Proposition 4.17. Assume that Assumptions 4.10 and 4.1 are inforce. For any n G N and 
any t > 0, one has 



\^Tn{t)fhdt 



Moreover, for any f G X+ and any n G N 



dr \\B{r + t)Vnir + t,r)f{r)\\£dt, V/ G ^(^). (4.10) 



*B / Tn{t)fdt 



dr 



\B{r + t)Vn{r + t,r)f{r)\\edt Vr > 0. (4.11) 



Proof Let / G (not necessarily in X+) and n G N be fixed. One deduces directly 

from (4.8) that 



^Tn{t)f {s) =B{s)Vn{s,s-t)f{s-t) fot a. c. s ^ t ^ 0. 



(4.12) 



Using Point (2) of Remark 3.9 and since ^Tn{t)f = Tn+i{t)Zf + Tn{t)^f - ZTn{t)f, the 
mapping t > i-> ^Tn{t)f G X is continuous. In particular, since X = L^((0, oo), f), one 
sees that this implies that for any r > 0, 

/•oo 

t G (0, r) ^ / ||B(s)V„(s, s - t)f{s - t)x+(s - t)|Uds < oo 
Jo 

is a continuous mapping. It is in particular integrable so that 

dt \\B{r)Vn{r, r -t)f{r -t)\\^dr < oo Vr > 0. 
Jo Jt 

Then, the identity follows directly from (4.12) since the mapping (s, t) ^ B(s)V„(s, s — 
t)f{s - t) € £ is measurable (see Lemma 4.12). Thus, (4.10) holds for any / G &{Z). 
Moreover, if / G X+ one also has that 



Vr > 



*B / Tn{t)fdt 

Jo 

while, for almost every r > it holds 

r \\B{r + t)Vn{r + t,r)f{r)\\edt= T^" ||B(s)V„(s,r)/(r)|!^ds < ||/(r)||£ Vr > 0. 

Jo Jr 
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As a consequence, for any / G X, one has, for almost every r > 0, 



55 / r„(t)/dt 



^27||/||, 



and 



£''"||B(s)V„(s,r)/(r)||£ds^27||/(r)||f Vr > 0. (4.13) 

Now, if / e X+ is given, there exists asequence {fk)k C ^(Z)nX+ such that ||/a,. — 
as A; oo. Up to a subsequence, limfc_^(X) \\fk{r) — f{r)\\e = for almost every r > 0. 
According to (4.13), one deduces from the dominated convergence theorem that 



lim lis / Tn{t)MtU = ||*B / Tn{t)fdt\\x 

fc— )-oo 



and 



lim 

k—^oo 



dr / \\B{r + t)Yn{r + t,r)f{r)\\£dt 



□ 



dr ||B(r + t)V„(r + t,r)/fe(r)||£dt = 
JO 

which gives the conclusion. 

We end this section with a technical Lemma, related to the above Proposition: 

Lemma 4.18. Assume that Assumptions 4.10 and 4.1 are in force. For any u E £+ and any 
nonnegative ip G '^cO^+), 'et 

/(•) = ^{■)u G X+. 

Then, 



lim 

n— ^-oo 



ip{r) I lim 



r+t 



55 / Tn{r)fdr 
Jo 

holds for almost every t ^ 0. 

Proof Since / G X+, Eq. (4.11) asserts that, for any n G N 



B(r)V„(T, r)n||^ dr dr (4.14) 



*B / Tn{s)fds\\x 



r+t 



|B(r)V„(r,r)n||£dr dr, Vt > 0. 



Since /;+'||B(r)V„(r,r)n||^ ^ || u\\£ for any n ^ 1 and almost every r,t > 0, we get the 
conclusion thanks to the dominated convergence theorem. □ 

4.3. Honesty of (V(t, s))t^s- We have now all in hands to characterize, in terms of B(t) 
and Yn{t, s) only, the honesty of the family (V(t, Precisely, we prove the following 



Theorem 4.19. The evolution family (V(t, s))t^s is honest if and only if 

lim f ||B(T)V„(r,s)n|Ldr = Vt ^ s 



(4.15) 



for any u G £^ 



31 



Proof. Assume first that {Y{t,s))t^s is honest in S, i.e. the semigroup {T{t))t^o is honest 
in X. Let -u G <?_|. be fixed. Notice that the sequence ^JJ^* ||B(r)V„(r, r)n||^ dr^ is 
nonincreasing for almost any r ^ and that, given t > 0, the mapping 

i-r+t 

rGM+i — ^ lim / |lB(T)V„(r, r)u|| . dr 

n->oo_/^ 

is continuous. According to (4.14), for any (f e ^c(^+) one has 

rr+t 



lim 

n— >oo 



rr+t 

/ ||B(r)V„(T, r)n||^ dr = Vr € Supp(93), Vi ^ 0. 

' Jr 

Since is arbitrary, one sees that 

lim / ||B(r)V„(r,s)n||£-dT = \/t ^ s 

which gives the first implication. 

Conversely, assume that (4.15) holds true for any u G <S_|_ and let / G j£+ and r > be 
fixed. Define 

Fnir)= [ \\B{r + t)Vnir + t,r)f{r)\\£dt, Vr > 0. 
Jo 

Since /(r) G for a. e. r > 0, one has 

lim Fn{r) = for a. e. r > 0. (4.16) 

n—^oo 

Now, according to Prop. 4.16, for any r > 0, the sequence {Fn{r))n is nonincreasing with 

Pn(.r) ^ |l/(r)|l£ Vr > 0, n G N 
while. Proposition 4.17 asserts that 

F„(r)dr = % / Tn{t)fdt 
Jo 

It is clear now that (4.16) together with Lebesgue Theorem implies that 



lim 

n— >oo 



5S / Tn{t)fdt 



Since / G X+ is arbitrary, this exactly means that the whole semigroup is honest. 



□ 



Remark 4.20. It is possible now to extend the definition of honesty as follows: given u G 
and s ^ 0, the trajectory (V(t, s)u)^^g is said to be honest if (4.15) holds true. 

We conclude this section with some considerations about honesty theory in the formally 
conservative case. Recall that, by definition, in such a case, the semigroup is honest if and 
only if it is conservative. We can observe that such a property still holds for the evolution 
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family. Indeed, according to Proposition 4.16, in the formally conservative case we have, 
for any u € (5+ and any t ^ s ^ 

||V(f,s)u|| = lim > ||Vfc(t, s)n|| = ||n|| — lim / ||B(T)V„(r, s)u||dr. 

n— >oo ^--^ n— )-oo /„ 
k=0 

Therefore, the family (V(t, s))t>s is honest if and only if 

||V(t,s)n|| = ||u|| Vn € ^ s ^ 

which exactly means that the evolution family (V(t, s))t;^s is honest if and only if it is 
conservative. 

5. Application to the linear Boltzmann equation 

We apply the results of the previous part of this paper to a large class of non-autonomous 
linear kinetic equations. 

5.1. Spatially homogeneous linear kinetic equation. We consider the non-autonomous 
(spatially homogeneous) kinetic equation in L^{V, dfi{v)): 



dtf{v,t) + ^iv,t)f{v,t)= bit,v,v')f{v',t)dfiiv') veV 

Jv (5.1) 

f{v,s) = h{v)eL\V,dfi{v)) 

for some s ^ 0. In the above, fi is a Borel measure over (d ^ 1) with support V while 
the collision frequency S and the collision kernel b{t, •, •) satisfy the following assumptions 

Assumption 5.1. (1) The mapping {t,v) G M+ x y ih^ T,{t,v) is measurable and non- 
negative. Moreover, for ^-almost every v ^ V, the mapping t h- is locally 
integrable on M+. 

(2) The collision kernel b is such that {t, v, v') G M+ xV xV ^ b{t, v, v') is measurable 
and non-negative. Moreover, 

/ b{t, V, v')dn{v) ^ v') for almost every (t, v') gR+ xV. (5.2) 
Jv 

Remark 5.2. The above inequality (5.2) is a classical assumption in neutron transport theory 
and is usually referred to as the sub-critical hypothesis. 

One will see (5.1) as a perturbation of the simpler equation 

dtf{v, t) + t)f{v, t) = f{v, 0) = fo{v) 
and the associated evolution family 

\Jh{t,s)ip{v)=e^p(^- J^^{v,T)dT^ip{v), t^OO, ipe£h:= L\V,dfi). 

(5.3) 

We begin with the following smoothing effect of Uh{t, s): 
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Lemma 5.3. For any non-negative ip G Ehondanys ^ one has U/i(t, s)(/j G L^(y, •) d/i) 
/or almost every t G [s, oo), i.e. 

lJh{t,s)ip{v)T,{t,v)diJ.{v) < oo for a.e. t e [s,oo). (5.4) 

Proo/ Let s > and ip G L^{V,dfx), (p ^ fi-a.e. be fixed. One defines the mapping 

Q : te[s,oo)^ Q{t) G [0, oo] by 

Q{t)= [ ^{t,v)lJh{t,s)ip{v)dfi{v) = [ ^{t,v)exp(- [ J:{T,v)dT)^{v)dfi{v). 



For a given T > s, one has, thanks to Fubini's Theorem 

^ Qit)dt = j ifiv) (j^ i:{t,v)exp(-j^i:{T,v)dTjdtjdfi{v). 

Now, for any fixed v G V, since the mapping t t-^ belongs to ^[^^(1^+), the set 

^T:{-,v) C of its Lebesgue points is such that its complementary £^ is of zero 
Lebesgue measure and 

u) exp ^- ^ S(r, v)dr^ = exp ^- ^ S(r, ?j)dr^ Vt G >Ce(-,i,) n (s, T). 

This allows to compute the integral jj^ T,{t, v) exp ^— S(t, u)dr^ dt for any v G V and 
yields 

^ Q{t)dt = j ip{v) (l - exp (- ^{T,v)dTjjdn{v)<oo VT > s. (5.5) 

This proves in particular that Q{t) < oo for almost every t G [s,oo). This achieves the 
proof. □ 

Remark 5.4. Notice that the above smoothing effect of \Jh{--, ■) is actually a "trajectorial 
smoothing effect" in the following sense: for any (p e £h and ciny s > 0, there exists a set 
Ef c [s, oo) such that [s, oo) \Hs is of zero Lebesgue measure and (5.4) holds for any t G Hs . 
Clearly, the set Ef depends on the choice of tp. In this sense, the smoothing effect is related to 
the trajectory t G (s, oo) U/i(t, s)ip under investigation. 

Remark 5.5. Notice that, for any ip G L^{V, d/i) and any t ^ s ^ 0, v\/ith the notations of 
the above proof 

J Q{r)dr = J ^1 — exp(— y T,{T,v)dT^ (p{v)dfi{v) 

(p{v)dfi{v) — J exp J ^{T,v)dT^ (p{v)dfi{v) 
M/hich implies that the mapping 

[s,+oo[Bti — > J exp ^— y I]{T,v)dT^ (p{v)dfi{v) 
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is dijferentiable at any t G Cq (where, Cq is the set ofLebesgue point of Q) with derivative 
given by - fy S(t, v) exp ( - S(r, v)dTj ip{v)dfi{v). 



We define then the family of perturbations {'Bh{t))t^o as 

Bhit)ipiv)= [ b{t,v,v')ip{v')df,{v') (5.6) 
Jv 

with domain 

n^hit)) = jyp € L\V,dfi) , J^b{t,-,v')\ip{v')\dfi{v') G L\V,dfi)^ yt > 0. 
Defining 

a{t,v)= / b{t,v',v)dfj.{v') "iv e V, t^O 
Jv 

one sees easily that 

S){Bh{t)) = (ipe L\V,dfi) , [ a{t,v)\^{v)\dfi{v) < ool = L\V,a{t,v)dfi{v)) Vt ^ 0. 



The above smoothing effect has an interesting consequence: 

Proposition 5.6. Let Assumptions 5.1 be in force. Then, for any ip G L^(y,dn) and any 
s ^ one has U/i(t, s)(f G !^(Bh{t)) for almost-every t G [s, oo); the mapping t G [s, oo) i-^ 
'Bh{t)\Jhit,s)(p G L^(y, d/i) is measurable with 

/ \\'Bh{T)Uhir, s)ip\\L^V,dii)dT < \ML^V,dfi) - l|Uh(t, s)v3||il(y^dAt) Vt ^ S 

with the equality sign if 

a{t,v) = T,{t,v) for almost every {t,v) eR'^ xV. (5.7) 
Proof Let 99 G L^{V, dfi) and s ^ be fixed. The mapping 

{t, V, v') e[s,oo) xV xV < — y b{t, v, v') exp ^- ^ S(r, v')dT^ ip{v') G M+ 

is measurable and is actually integrable. Thanks to Fubini's theorem and using the nota- 
tions of the previous Proposition, one has for any T > s 



dt j d/i(f) j b{t,v,v')exp(^- J:{T,v')dT^ ip{v')dfi{v') 

= dt j a{t,v')exp(^- S(T,v')dT^ ^{v')dfi{v') 



dt j i:{t,v')exp(^- j^i:iT,v')dT^ ipiv')dfi{v') = Q{t)dt 
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with the equahty sign if a{t, v) = T,{t, v) for almost every t, v. According to (5.5), one sees 
that 

^ Q{t)dt = \\^p\\L^v,d^^) - \\'VhiT,s)ip\\Li^v,dt,) VT > s 

i.e. 

^ dt y" dfi{v) j bit,v,v')exp(^- S(T,v')dT^ ^{v')dn{v') 

< \\^\\L^V,dii) - l|Uh(r,s)(^||il(y^dM) VT > S 

with an identity if (5.7) holds. Letting then T oo we get 

J dt J dfi{v) J b{t,v,v') exp ^— J S(r, w')dr^ (f{v')dfj,{v') ^ \\(p\\. 
Considering that, for almost every t ^ s and almost every v gV it holds 

b{t,v,v')exp (- [ ^{T,v')dT) ip{v')dfi{v') = [Bh{t)Uh{t,s)ip] (v) 



we can invoke Fubini's theorem to conclude that 'Bh{t)\Jh{t, s)(f G &(Bh{t)) for a. e. 
t ^ s. Moreover, the mapping t e [s, oo) B/iU/i(t, s)(f e L^{V, d/i) is integrable and 

/ l|B/iU/j(t,s)(^||ii(v,d/.)dt ^ \\^\\L^v,dtM) - \\'^hiT,s)ip\\Li(v,dfi) Vr > s 

J s 

which is an identity if (5.7) holds. □ 

The above Proposition shows that, in the space £h = L^{V,dfi), the family of pertur- 
bation operators (B/i(t), ^(Bh{t)))t;^Q and the unperturbed evolution family {Uh{t, s)}t^s 
satisfy Assumptions 1.2. It is easy to show that, under Assumptions 5.1, the family of per- 
turbation operators (Bh{t), ^(B/j(t)))t^o and the unperturbed evolution family {\Jh{t, s)}t^s 
also satisfy Assumptions 3.1 and 4.10. Indeed, let us define the space 

X = L'^{R+,£h) = L\E+ X V,dtdn{v) 

and let / G X be given. The mapping 

{t, V, s, v') G (M+ X Vf ^ b{t, V, v') exp ^ S(t, v')dT^ f{s, v')x+{t - s) 

is measurable. Moreover, it is integrable and, thanks to Fubini's theorem, with considera- 
tions similar to those used in the previous proof, we can state that U/i(t, s)f{s) G &(Bh{t)) 
for almost every {t, s) G A and that the mapping (t, s) G A B/j(t)U/t(t, s)f{s) G £h is 
integrable. This shows that Assumptions 3.1 are satisfied. Similar considerations show 
that Assumptions 4.10 are also met. 

Thanks to these considerations, the general abstract approach developed in Sections 2, 
3.1 and 3.2 can be applied here. In particular. Theorem 2.1 applies and one can define an 
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evolution semigroup (Vhit, s))t>s given by 



J s 



The Co-semigroup (7o,/i(t))t>o in X associated to (Uhit, s))^^^ is defined by (3.2) and 
we denote by {Z^, ^^{Zh)) its generator while one associates to the evolution family 
(V,,(t,s))^~j^^o a perturbed evolution semigroup (7^(t))t>o with generator {gh,^{Gh))- 
To the perturbation family {'Bh{t))t;^o one associates an operator *B in X as in (3.5) and an 
extension !B of !B is provided by Theorem 3.5 so that Gh is an extension of {Zh + ^, Si{Zh)) 
in X. Let us prove now that Assumption 4.10 is met. Precisely, 

Proposition 5.7. The perturbed family {Bh{t))t^o and the evolution family {\Jh{t, s))t^s 
satisfy Assumption 4.10. As a consequence, ^ = and, for any g G ^{Zh) c X, one 

has 

I dt I a{t,v)\g{t,v)\d^{v) < oo 
Jo Jv 

and 

[%g]{t,v) = [Bhit)g{t,-)]iv)= [ b{t,v,v')g{t,v')di^{v') t^O,veV. 

Jv 

Proof For a fixed t ^ 0, let {(pn)n be a nonnegative increasing sequence in L^{V, dfi) with 
(fn G ^(B/i(t)) and sup„ ||B/i(t)(/?„|| < oo and lim„ = (p. This exactly means that 

sup / a{v,t)ipn{v)dfi{v) < oo. 

n Jv 

According to Fatou's Lemma, one has then Jy a{v ,t)(p{v)dfi{v) < oo i.e. (f e ^(B/i(t)). 
Moreover, by the monotone convergence Theorem, lim„ B/i(t)(/?„ = 'Bh{t)(p in L^{V,dfj,). 
Assumption 4.10 is then satisfied and Proposition 4.3 yields the result. □ 

One can actually characterize !^{Zh) along the same lines as [1, Proposition 2.1]: 

Proposition 5.8. Let VFg '^(M+; V) denotes the space of functions g = g{t, v) such that, 
for fi-almost every v ^V, the mapping 

t ^ I — y g{t, v) is absolutely continuous with g{0, v) = 

dg 

together vi^ith — G X. Then, the generator [Zh, &{Zh)) of {Th{t))t^o is given by 
Zhg{t, v) = -^{t, v) - t)g{t, v), ge ^{Z) 

with ^{Zh) = ^g = g{t,v) £W^'\R+;V) such that ^ g e X^ 

We have now everything in hands to apply the substochastic theory developed in the 
first part of the paper. In this particular example in which the generator {Z^, &{Zh)) is ex- 
plicit in the lifted space X, it is more convenient to treat the problem of the honesty of the 
evolution family (Vhit, s))^^g^Q directly on the perturbed evolution semigroup {Th{t))t^Q. 
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For such a semigroup, known necessary and sufficient conditions for the honesty have 
been estabhshed by the third author in [20] and one has 

Theorem 5.9. Assume that there exists some M = M{t,v) G &{Zh) with M{t,v) > 0/or 
almost every {t, v) G x V and such that the detailed balance condition 

b{t, V, v')M{t, v') = b{t, v', v)M{t, v) 

holds for any t ^ and fi-almost every v, v' G V. If there is some A > such that 

dM 

\M{t,v) + ^—it,v)^Q Vt ^ andfi-a.e.veV 
ot 

then the evolution family (V/i(t, s))t^g>o is honest in £. 

Proof If M G &{Zh) with the above properties exists, then it is satisfies 

[%M]{t,v)= [ b{t,v,v')M{t,v')dn{v') = [ b{t,v',v)M{t,v)dn{v') = a{t,v)M{t,v) 



V 

and 

r - 1 dM 

{Zh + 5S)mJ {t, v) = -^{t, v) + {ait, v) - v)) M{t, v). 

Since M is non-negative and b{t, ■, •) is subcritical, {a{t,v) — f)) M{t,v) < for any 
t > and almost any v gV so that 

1 dM 

(Zft + *B)Mj {t,v) ^ — —{t,v)^ XM{t,v) Vt > 0, fora.e. veV. 

This shows that M is a non-negative sub-eigenfunction of Zh + 55, i.e. we found M G 
&iZh)ri X+ and A > such that 

(^Zh + %^ M ^ AM. 

According to [6, Corollary 3.27] (see also [19]), this shows that the trajectory {Th{t)M)^yQ 
is honest and, since M is quasi-interior in X (it is a strictly positive function in a L^-space), 
[6, Theorem 3.30] shows that the whole semigroup {Th{t))t^o is honest from which the 
result follows. □ 

Remark 5.10. If there exists Mq = Mo{v) G L^(l/, d//) with Mo{v) > 0/or a.e. v eV and 
such that the detailed balance 

b{t,v,v')Mo{v') = b{t,v',v)Mo{v) 

holds for any t ^ and ^-almost every v,v' and 

^{t,v)Mo{v) G L^{[0,oo),L\V,d^x{v)) 

then, for any A > 0, one can construct some 

M = M{t,v) = (3{t)Mo{v) G ^{Zh) 

satisfying the hypothesis of the above Theorem for any nonnegative /3(-) G VF^'^(M+) such 
that 

(3'{t) + X/3{t) ^0 (Vt ^ 0), /3(0) = 0, (3{t) > Vt > 0. 
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Such a function G l^cJ'^(I^+) is easily constructed. 

5.2. Spatially inhomogeneous linear kinetic equation. We deal now with the spatially 
inhomogeneous version of the above (5.1), i.e. we shall consider the following 

' dtf{x, v,t) + v V^/(x, V, t) + t)f{x, V, t) 

= / b{t,v,v')f{x,v',t)dfi{v') X G f2, v€V 
i Jv 

f{x,v,t) = if(x,t;)er_ 

f{x, V, s) = h{x, v) G L^(fJ X V, dx (g) d/u(?j)) 

(5.9) 

for some s ^ 0. Here, f2 c E'' is a open subset, /i is a Borel measure over M.'^ with support 
V and one defines 

A = ftxV 

and 

r_ := {{y, v) G dft x V such that y = x — r(x, v)v for some x € ft with t{x, v) < oo} 
where 

t{x, v) = mf{t > : x - tv ^ ^1} V(x, v) G A. 

From a heuristic viewpoint, t{x,v) is the time needed by a particle having the position x 
and the velocity —v & V to reach the boundary dft. One can prove that r(-, •) is measur- 
able on A. Moreover r(x, v) = for any (x, v) G r_. 

Let us then introduce the state space 

S = L^(A, dx(g>dn{v)) 

with usual norm and the unperturbed evolution family (U(t, s))t>s^o defined through 

[lJ{t,s)(p]{x,v) = exp ^-^ S(?;,r)dr^ (p{x - {t - s)v,v)x{t-s<T{x,v)}{x,v), 

for any t ^ s ^ and any / G Since Il(r, ^ 0, one notices easily that (U(i, s))t^s is 
an evolution family in £ with \J{t, s)f G £+ and ||U(t, ^ ||/|| for any / G £"+ and any 
t ^ s ^ 0. This shows that Assumptions 1.2, ('0 and Ciij are satisfied. 

Moreover, for any t G M+, we denote by 51 (t) the multiplication operator 

defined by ^(5;(t)) = (A, t;)dx d/u(7;)) and 

['E{t)ip]{x, v) = v)v9(x, v) V99 G 

As in the spatially homogeneous case, the evolution family (U(t, s))t^s^o has some smooth- 
ing effect: 

Lemma 5.11. For any / G and any s ^ 0, one has U(t, s)f G i^(S(t)) /or almost every 
t G [s, 00). 
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The proof of this Lemma, of technical nature but non trivial, is postponed to Appendix 

B. 

One defines B(f) as 

[B{t)ip]{x,v) = [ b{t,v,v')^{x,v')dfi{v') Vy? G ^(B(t)) 
Jv 

where, as above, 

^(B(t)) = lip such that / a{t, v)\ip{x, v)\dxdfj.{v) < oo I 

I JflxV J 

and 

a{t,v) = / b{t,v',v)dn{v'). 
Jv 

We shall always assume that the Assumptions 5.1 are in force. In particular, one notices 
that 

&{B{t)) C and \\B{t)ip\\£ ^ Vt ^5 0, ^ G £+. (5.10) 

Then, one gets the following 
Corollary 5.12. For any s ^ and any f e £+ 

U(t, s)f £ &{B{t)) for almost every t € [s, oo) 
and the mapping t G [s, oo) i-> B(t)U(i, s)u is measurable. Moreover, 

f ||B(i)U(t, s)f\\edt ^ r \m)lJ{t, s)f\\edt 

J s J s 

^\\f\\e-\\\J{r,s)f\\e Vv9G^+,r^s^0. 



(5.11) 



Again, the proof of this Corollary which uses techniques introduced in the proof of 
Lemma 5.11 is given in Appendix B. 

Notice that, as in the spatially homogeneous setting, the family of perturbation op- 
erators {B{t) ^ & {B{t)))t^Q and the unperturbed evolution family {\]{t.,s))t^s satisfy As- 
sumptions 1.2. In particular, Theorem 2.1 applies and one can define an evolution family 
(V(t, s))j>5>o in £ that satisfies the Duhamel formula 

V(t,s)(/7 = U(t,s)(/7 + ^ V(t,r)B(r)U(r,s)(/pdr, V(/? G (5.12) 

In the space 

X = L^(M+,^) = L^(M+ X A,dt(g)dx0d/i(u)) 
one can then define the Co-semigroup (7o(t))t>o given by (3.2) and with generator (Z, Q{Z)), 
while, to the evolution family (V(i, s))^>g^Q one associates a Co-semigroup {T{t))t^o in 
X given by (3.3). Remember that the generator {G, &{Q)) of {T{t))t^o is an extension of 
the operator {Z + ^, S'iZ)) where OS is constructed in Theorem 3.5. As in the spatially 
homogenous case, one can prove without major difficulty that, under our assumptions 
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on b{-, •, •) and •), Assumptions 3.1, 4.1 and 4.10 are also met, in particular, for any 

g G &{Z) c X, one has 

oo P 

dt / a{t,v)\g{t,x,v)\dxdfj,{v) < oo 
and 

t ^ 0, (x,v) G A. 



[%g]it,x,v) = [Bit)g{t,x,-)]iv) = [ b{t,v,v')g{t,x,v')dii{v') 

Jv 



Now, to investigate the honesty of {V{t,s))t^s, we shall, as in the autonomous case 
recently studied by the third author [20], use the honesty properties of the spatially ho- 
mogeneous family (Vhit, s))t>s>o- To do so, let M be the spatial average operator 

M : (f e £ i-?' M(p{v) = / ip{x,v)dx, veV 

Jn 

one sees that M provides a bounded operator from £ to £h := L^{V, dfx) and one has the 
following relation: 

[MV{t, s)ip] (v) = / [U(t, s)lp] (x, v)dx ^ [Uhit, s)Mip] (v) \/ip £+, fi-a. e.veV 

(5.13) 

where (U/i(i, s))t^s^o is the evolution family in L^{V, dfx) introduced in the spatially ho- 
mogeneous case (see (5.3)). From this, we deduce directly that 

||U(i, s)^\\£ ^ \\Vh{t, s)M^\\Liiv,df.) yt^s^O, ipe£+ (5.14) 

Since B(t) is local in x, one also has 

MB{t)ip = Bhit)M(p y<f G &(B{t)), t ^ 

where Bhit) is the operator defined in (5.6) (one notices easily that, for any (p G ^(B(t)), 
M(p belongs to S>{Bh{t))'). These basic observations play a crucial role in the study of 
autonomous transport equations as studied in [20] and we shall see it is still the case here. 
Precisely, the honesty of the evolution family (V{t,s))t^s can be deduced directly from 
that governing the spatially homogeneous problem introduced in the previous subsection. 
Namely, 

Theorem 5.13. If the evolution family (V/i(t, s))(j>s>o defined in (5.8) is honest in £h = 
L^{V, d/i) then the evolution family (V(t, is honest in £. 

Proof For some ip e £+, one deduces easily by induction from (5.13) that, for any n G N, 

||B(t + r)V„(t + r, r)ip\\^ ^ \\Bh{t + r)Vn,h{t + r, r)Mip\\^^^y^^^-^ Vt, r ^ 0, (5.15) 

where V„ /i(i, r) is the n-th iterated term in the Dyson-Phillips expansion series giving 
(Vh{t, s))t^s^o- Since the latter is honest. Definition 3.13 directly yields that (V(t, s))t^s 
is honest in □ 

Remark 5.14. Recall that practical criteria yielding the honesty of (Vh{t, s))t^s^o £h = 
L^{V, dfi) are provided in Theorem 5.9 
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Remark 5.15. Notice that, ifft = M'^, inequality (5.13) is actually an identity. This implies 
in particular that inequality (5.15) is also an identity. Therefore, if Q = R'^, the evolution 
family (V(t, s))t^s is honest in £ if and only if (Vh{t, s))t^s>o is honest in £h. 

6. Application to non-autonomous fragmentation equation 

We show in this section that the previous theoretical approach can be applied to the 
study of the non-autonomous fragmentation equation investigated recently in [4] . Pre- 
cisely, let us consider the problem 



dtu{t,x) = —a{t,x)u{t,x) + / a{t,y)b{t,x,y)u{t,y)dy x > 0, t > s 

Jx (6.1) 

u{s,x) = f{x) a.e. x > 

at some fixed s ^ 0. As in [4], u is the distribution of particles with respect to mass x, 
a{-,-) is the fragmentation rate and b{t,x,y) is the distribution of daughter particles of 
mass X resulting from splitting of a parent particle of mass y. We investigate the above 
problem in the Banach space 

S = L'^{R+,xdx) 

with usual norm which, for a non-negative function u gives the total mass of the ensemble. 
We adopt here the following set of assumptions: 

Assumption 6.1. The rates a{-, •) and •, •) satisfy the following: 

(1 ) The mapping (t, x) € x M+ a{t, x) is measurable and non-negative. Moreover, 
given T > 0, for almost every x € M+, the mapping t e [0, T] a{t, x) is bounded. 

(2) The mapping (t, x, y) € x M+ x M+ ^ b{t, x, y) is measurable and non-negative. 
Moreover, b{t, x, y) = Ofor almost every x ^ y and t > with 

r-y 

b{t, X, y)xdx = y for any y ^ and almost any t ^ 0. 



We observe that the fragmentation equation (6.1) can be seen as a perturbation of the 
simpler non-autonomous advection equation 

{dtu{t,x) = —a{t,x)u{t,x) X > 0, t > s 
u(s,x) = j[x) a.e. x > U 

One introduces the family {A{t))t^o of multiplication operators in £ given by 

[A{t)u\{x) = -a{t,x)u{x) ue^{A{t)) 
with domain &{A{t)) given by 

^(A(t)) = {ue£ ; A{t)u ££} = L^(M+, a{t,x)xdx). 
Let then define the evolution family in £ given by 

U(t, s)u = exp ^— J a{T, •)dr^ u{-) t ^ s ^ 0, u ^ £ 
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and the family of perturbations (B(t))t^o given by 

/•oo 

[Bit)u] (x) = / a{t, y)bit, x, y)u{t, y)dy Vn G ^(B(t)) = ^(A(t)), t ^ 0. 

It is easy to verify, using Assumptions 6.1 and arguing as in the previous section, that the 
evolution family (U(t, s))t^s and the family of perturbations (B(t))(^o satisfy Assumptions 
1.2, 3.1, 4.1 and 4.10. In particular one can see that, for any n G £■ and any s ^ one has 
U(i, s)u e ^(B(t)) for almost every t s; the mapping t G [s; oo) B(t)U(t, s)n € <S is 
measurable with 

^ ||B(t)U(t,s)u||ds = llnjlf - ||U(t,s)n||£: Vt ^ s u e S+. 

These conditions allow to apply here the general abstract approach developed in Sections 
2, 3.1 and 3.2. We have then, for any u ^ 8 and any t ^ s ^ 0, 

Vo(t, s)u = U(t, s)m, 

and, for n ^ 1 

V„(t,s)u= / U(t,r)B(r)V„_i(r,s)udr (6.3) 

since, for any n ^ 0, s ^ 0, and n G one has V„(t, s)n G i^(B(t)) for almost every t ^ s, 
and the mapping t G [s;oo) ^ B(t)V„(t,s)u G is measurable. In the present case we 
can also prove the following: 

Proposition 6.2. For any n G N, any s ^ and any u G the mapping r G [s, oo) i-> 
A(r)V„(r, s)u & £ is measurable; furthermore for any t ^ s ^ and any u G f one has 

\J{t,s)u = u+ I A(r)U(r, s)wdr (6.4) 

J s 

and, for n ^ 1 

Yn{t,s)u= [ A{r)Yn{r,s)udr+ j B(r)V„_i(r, s)udr. (6.5) 

J s J s 

Proof The proof of (6.4) is almost a straightforward application of the definition of A{t) 
and U(t, s) (see for instance [4, Lemma 2.1]). Now, for n ^ 1, using both (6.3) and (6.4), 
we get 

Vn{t,s)u= I B(r)V„_i(r,s)udr + j dr j A(t)U(t, r)B(r)V„_i(r, s)udr 

Js Js Jr 

for any n G £" and any t ^ s ^ 0. But, using Assumption 4.10 and (6.5), we check easily 
that 

rt f't rt rr 

dr A(T)U(T,r)B(r)V„_i(r,s)Mdr = dr A(r)U(r, r)B(r)V„_i (r, s)udr 

J s J r J s J s 

= ^(^)(/ U(r,r)B(r)V„_i(r,s)udr^dT = ^ A(r)V„(r, s)dT 
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from which the conclusion easily follows. □ 

Thanks to the above proposition we obtain 

Proposition 6.3. Let u £ £ and t s ^ be given. For any n e N, let Vn{t, s, •) denote a 
measurable representation o/X]^^g[Vfc(t, s)u][-), then for almost every x ^ one has 

ft rt foc 

Vn{t,s,x) = u{x) - a{r,x)vn{r,s,x)dr + / a{r,y)b{r,x,y)vn^i{r,s,y)dydr. 

J S J S J X 

Proof. The identities (6.4) and (6.5) give 

n ,.t n „i n-l 

^Vfc(t,s)u = u+ / A(r) ^ Vfc(r, s)udr + / B(r) ^ Vfe(r, s)udr, 
A:=0 •'^ k=0 •'^ k=0 

and this gives the assertion. □ 

Now suppose v{t,s,-) to be a measurable representation of Y{t,s)u. According to 
Assumptions 6.1 (1), for any t ^ s ^ one has 

J a{r, x)v{r, s, x)dr < oo for a. e. a: ^ 0. 

Therefore we also have 

pt poo 

dr a{r, y)b{r, X, y)v{r, s,y)dy < oo for a. e. a; ^ 

J S J X 

and the following equality holds: 

/t nt poo 

a{r,x)v{r, s,x)dr + dr a{r,y)b{r,x,y)v{r, s,y)dy. 
J S J X 

This allows us to recover, in a direct way, Theorem 4.1 of [4]. Moreover, because the 
honesty of the evolution family (V(t, s))t^s is equivalent to that of the evolution semigroup 
{T{t))t^Q, if one assumes that 

a(t,x) G L^(0,T; L°°([0,i?])) for any T > 0,i? > 0, 

we have, according to [4, Theorem 5.1], that (V(t, s))t^s is honest in £. This implies that 
the limit (4.15) holds. 

Remark 6.4. Notice that, using the results of Sections 3 and 4, we did not need to determine 
the generator of (T(t))t^o to recover [4, Theorem 4.1 & Theorem 5.1] and this allows 
therefore to simplify the approach of [4]. Notice also that the fact that (4.15) holds for the 
fragmentation equation (6.1) was not observed in [4] and is therefore a new result. 
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Appendix A. Technical properties of Z and % 

We derive in this Appendix several fine properties of the operators Z and *B introduced 
in Section 3. The notations and Assumptions are those of Section 3. In particular, we 
assume that Assumptions 3.1 and 4.1 are in force. We begin with 

Lemma A.l. Given s > and Lp e '^^ (IR+), let us define the operator 

{'^cp^s • w G £* I y jAi^^gU G 3C ^ 
with [A^^su]{t) = x+{t - s)tf{t)lJ{t,s)u Vt ^ 0. 

Then A^^sU S S>{Z) for any u G £ with 

ZAip^s — Atp^ 
where (p' is the derivative of (p. Moreover, 

[%A^,su]{t) = B{t)[A^^su]{t) for almost every t ^ 0, (A.2) 
i.e. A^^sU G and %A^^sU = ^A^^sU. 

Proof Let s > 0, u e £ and ip G "^^{R^). For simplicity, we set /o = A^^sU, i.e. /o(-) = 
X+(- - s)ip{-)lJ{-,s)u. Clearly, 

\\fo\\x= ||/o(t)|Udt= / \ipit)\\\U{t,s)u\\edsi^2-f\\u\\e |(^(t)|dt 

JO Js Js 

and, since (p is compactly supported, /o G X. By (3.2), one has 

ro(t)/o(-) = X+(--i)U(v-i)/o(--i) 
and one checks easily that 

To{t)fo{r) =x+{r - t- s)ip{r - t)U(r, s)u Vr > 0. 
Clearly, for given r > 0, 

lim t'^ I x+(r - t - s)ip{r - t) - x+{r - s)(p{r) ] = -x+{r - s)(p'{r) 

and, since (p is compactly supported, one deduces easily that the following limit holds in 
X: 

lim t-' (ro(t)/o(-) - /o(-)) = -X+{- - s)ip'{-)\J{; s)u. 

This exactly means that /o G &{Z) with Zfo{-) = -x+(- - s)ip'{-)lJ{-,s)u, i.e. ZA^^s = 
—Aip'^s- Let us now prove that /o G ^(55). Since, for any t > and any r G (0, t), one has 
as above 

U(t, T)/o(r) = - s)¥p(r)U(t, s)n 
one deduces from (3.6) that, for any A > 0, 



J exp(— A(t — r))(/?(T)dr^ x+{t - s)B(t)U(t, s)u for every t > s 
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where we recall that B(t)U(t, s)u is well-defined for almost any t ^ s. Then, since 

lim A ( / exp(— A(t — r))99(r)dr ) = ip{t) for almost every t ^ s ^ 

we get easily that the following limit holds in X: 

lim A'Ba/o(-) = X+(- - s)v'(-)B(-)U(-, s)u = B(-)/o(-)- 

A— >oo 

This proves in particular that /o G ^(*B) and, since lim;^_^oo -^^A = we get *B/o = *B/o 
which achieves the proof. □ 

Lemma A.2. Given r > and / G X 

B(s)U(s,r) / U(r, r)/(r)dr = / B(s)U(s, r)/(r)dr for almost every s > t. 
Jo Jo 

In particular, \J{s,r)f{r)dr G !^(B{s)) for almost every s > t M/ith 

rr rr 

B(s) / U(s, r)/(r)dr = / B(s)U(s, r)/(r)dr for almost every s > t. 
Jo Jo 

Proof For any / G X+ and any fixed r > 0, we introduce gr = /J^ U(t, r)/(r)dr G 
<S+. According to Assumptions 1.2, the mapping s G M'^ iH- - •'")B(s)U(s, r)^!- is 

measurable and it belongs to X since 



/oo 
||B(s)U(s,r)g,||^ ^ WgrWe ^ \\f\\x- 



(A.3) 



Now, thanks to Assumptions 3.1, the mapping (s,r) G M+xM+ i-> x+(-s— 'r)B(s)U(s, r)/(r) 
is integrable so that, for almost every s > 0, the integral B(s)U(s, r)f{r)dr exists and 
the mapping s > /q* B(s)U(s, r)/(r)dr G <S+ is integrable. In particular, for some 
fixed T > 0, the integral Jq B(s)U(s, r)f{r)dr G exists for almost every s > r and 

/oo /'T /'OO / rr \ 

B(s)U(s,r)/(r)dr ds = J ^ ||B(s)U(s, r)/(r)||£drj ds 

/ ||B(s)U(s,r)/(r)||^drds^ (A.4) 
J A 

Thus the mapping : s G x+('5 — t) /q" B(s)U(s, r)/(r)dr belongs to X with 

IICtIIx ^ WfWx- Let now D be the subspace of X made of all linear combinations of ele- 
ments of the form: 

t > I — > ip{t)\J{t, s)u where s > 0, u e £ 
and if G (K) with supp(v3) G [s, oo). Then, for / G D, it is easily seen that 

B(s)U(s,r)5^ = / B(s)U(s, r)/(r)dr for almost every s > r 
Jo 
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i.e. the two functions represent the same element of X. Since D is dense in X [17, Re- 
mark 1.11], the above inequahties (A.3) and (A.4) allow to assert that the above identity 
extends to any / G X+ proving the first part of the Lemma. Since moreover 

U(s,r) / U(T,r)/(r)dr = / U(s,r)/(r)dr 
Jo Jo 

we get that, for almost every s > t, the integral U(s, r)f{r)dr belongs to ^(B(s)) and 

the conclusion follows. □ 

We complement the above Lemma with the following 

Lemma A.3. For any / G X and and almost all (s,r) E A, one has /J" U(s, r)/(r)dr G 
^(B(s)) and 

f'T f'T 

B(s) / U(s,r)/(r)dr = / B(s)U(s, r)/(r)dr. 
Jo Jo 

Proof. For some fixed / G X, we notice that the two functions 



and 



Hf : (s,r) G A ^ B(s)U(s,r) / U(r, r)/(r)dr G ^ 

Jo 

Hf : (s,r)GA^ [ B(s)U(s, r)/(r)dr 
Jo 



are measurable. Therefore, the subset Aq = {(s,t) G A; Hf{s,T) 7^ Hf{s,T)} is a mea- 
surable subset of A. Since, given r > 0, one has Hf{s,T) = Hf{s,T) for almost every 
s ^ T, one sees that Aq is a set of zero measure. Since moreover 

V{s,t) / U(r,r)/(r)dr = / U(s,r)/(r)dr 
Jo Jo 

we get that, for almost every s > 0, the integral /J^ U(s, r)/(r)dr belongs to ^(B(s)) for 
almost every r G (0, s) with the desired conclusion. □ 

Lemma A.4. For any / G X+ and any t > 0, set gt := /g 7o(s)/ds G ^(2:)+. One has 

poo / \ 

(*,%)^ = y^ n ||B(r)U(r,r)/(r)||£drjdr. 

Proo/ One has 

%gt] (r) = B(r)gt(r) = B(r) T [ro(s)/] (r)ds 

= B(r) / U(r,r - s)/(r - s)x+(r - s)ds. 
JO 

In particular, according to Lemma A.3 and Proposition 4.5, for almost any t > 0, one has 



(r) = / B(r)U(r, r)/(T)dT for almost any r > 0. 

J(r-t)VO 
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Therefore, for almost every t > 0, 

^,%gt) = dr ||B(r)U(r,T)/(r)||^dr 

/ X Jo J(r-t)VO 

T+t N ^^■^■> 

||B(r)U(r,r)/(T)||^dr dr. 



Since both the right-hand side and the left-hand side of (A.5) are continuous functions of 
t, the above actually holds /or any t > 0. □ 

We end this Appendix with a basic observation, based upon Lemma A.3: 

Lemma A. 5. For any A > and any f G X+, 

[«Aexp(-At)ro(t)/](s) = B{s) r *exp(-A(s-r))U(s,r)/(r)dr for a. e. {s,t) G A. 

Jo 

Proof. The proof of the result is an almost straightforward application of Lemma A.3. 
Namely, for a given t ^ 0, one has 

['BxToit)f]{s) = /'exp(-A(5 - t))B{s)\J{s,t) [Toit)f] (r)dr 
Jo 

ps—t 

= / exjp{—Xr)'B{s)lJ{s,s — t)U{s — t,s — t — r)f{s — t — r)dr for a. e. s ^ t 
Jo 

where we used (3.2) and the measurability assumption 3.1. Now, by Lemma A.3, we get 
easily the conclusion. □ 

Appendix B. Technical integration results for kinetic equations 

This last Appendix is devoted to the proof of the technical Lemma 5.11 and its conse- 
quence. Corollary 5.12. We first introduce some useful notations: let 

A± := G A; t{x,±v) < oo}, A±^oo := {ix,v) G A ; t{x,±v) = +00} 

r_ := {{y, v) G dft x V such that y = x — r(x, v)v for some x € ft with t{x, v) < 00} 

r_|_ := {{y, v) G dQ x V such that y = x + r(x, —v)v for some x G ft with t{x, —v) < 00}. 

Finally, set 

r±,oo := {{y, v) £T±; y^tv en \/t>0}. 

Remark B.l. From a heuristic viewpoint, r(x, v) is the time needed by a particle having the 
position X and the velocity v e V to reach the boundary 9f2. One can prove that r(-, •) is 
measurable on A. Moreover t{x,v) = for any {x,v) G r_ whereas t{x,v) > on r+. 
Notice that the mapping 

T : (x,u)gAi — > t{x,v) 
is lower semi-continuous [5] (see also [28]). In particular, 

A±,oo = Pi {{x, v) e A; r(x, ±v) > n} 

nGN 
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is the numerable intersections of open subsets ofM?^. Therefore, A-t oo CLnd A_ oo n A_|_ oo CL^e 
Borel subsets of A. 

Let us then introduce the state space 

with usual norm. One recalls then the following, from [5, Proposition 2.5 & Proposition 
2.10], 

Lemma B.2. There exists Borel measures u± on T± such that, for any f G L^(f2,d/i), one 
has 

r-T{y,±v) 



lA± 

and 



r r i'T(y,±v) 

/ f{x,v)dfi{v)dx = / diy±{y,v) / f{y^sv,v)ds, (B.l) 

Ja± Jr± Jo 

/ f{x,v)dii{v)dx = dv±{y,v) I f{y^sv,v)ds. (B.2) 

Proof The proof follows from the general theory developed in [5, Propositions 2.5 & 2.10] 
where, with the notations of [5], one has 

7'(x) = (t;,0) Vx=(x,i;)gA 

which is divergence free in the sense of [5] and the characteristic curves are given by 
C(x, t, s) = {x — (t — s)v, v) for any t, s G M, x = (x, v) e A. □ 

Let us then introduce the unperturbed evolution family (U(t, s))t^s^o defined through 



^{v,T)dT^ f{x- {t - s)v,v)X{t-s<Tix,v)}{x,v), 



[U(t,s)/](x,'t;) = exp 

for any t ^ s ^ and any f ^ £. One has the following 
Lemma B.3. For any f ^ £ and any t ^ s ^ 0, setting 

Q{t, s,v) = exp ^— J S(r, ti)dr^ \/vGV 



one has 

[V{t,s)f] {x,v)dxdfi{v) 

rOV{T{y,-v)-(t-s)) 



L 



A+nA_,oo 



dv-{y,v)\j Q{t,s,v)f{y + rv,v)drj (B.3) 

[U{t,s)f] {x,v)dxdf,{v) = 

[ ([ e{t,s,v)fiy -rv,v)dr)du+{y,v) (B.4) 
jr+,oo \Jt-s J 
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and 

f {\J{t,s)f]{x,v)dxd^^{v) = 

/ (/ e{t,s,v)f(y + rv,v)dr)diy-{y,v). (B.5) 
jr_,oo \Jt-s / 

Proof. We prove only (B.3), the other identities being similar. According to (B.l) 

[lJ{t,s)f] {x,v)dxd^^iv) = 

diy.iy, v) U^^^'^' [U(t, s)f] (y + rov, v)dro] . (B.6) 



Now, for a given (y, v) e r_ and ^ ro ^ T(y, -v), since r(y + roi;, u ) = T(y, u) + ro = tq 
one has 

[U(t,s)/](y + rof,v) = e(i,s,7;)/(y + ro?; - {t - s)v,v)x{t~s^T{y+rov,v)}{y,v) 

= &(.t,s,v)f{y - (t - ro - s)v,v)x{t-s^ro}{y^v). 

Integrating with respect to rg and making the change of variable tq — )• r = tq — (t — s), we 
get the result. □ 

Remark B.4. It is natural to identijy L^(A_), L^(A+ n A_^oo) and L^(A+^oo n A_^oo) to 
closed linear subspaces of £ = L^{A). With such an identification, one has 

WfWs = II/i||li(A_) + ll/2||Li(A+nA_,«,) + ll/3||Li(A+,^nA_,^) V/ G £" 

where /i,/2,/3 denote the restrictions of f to A_, A+ n A_ oo and A+_oo H A_ oo respec- 
tively. Moreover, it is easy to see that U(t,s) leaves invariant the three subspaces L^(A_), 
L^(A+ n A_ oo) and L^(A+_oo n A_^oo) in the following sense: with the above decomposition 
Supp(U(t,s)/i) C A_, Supp(U(t,s)/2) C A+nA_,oo and SuppiU {t, s)f 3) c A+,oonA^,oo 
for any t ^ s ^ 0. Therefore, to prove any result on U(t, s)f for some given f e £, it is equiv- 
alent to consider separately U{t, s)fi, i = 1, 2, 3 in their respective spaces. 

One can now prove Lemma 5.11. 

Proof of Lemma 5.11. According to Remark B.4, one can distinguish the three cases / e 

Li(A-), / G L^{A+ n A_,oo) and / G L^A+^^o n A_,oo). 

First case: Let us assume that / G L^(A_) and let s > be fixed. One first assumes that / 
is continuous. For some given (y, v) G r_, one considers the continuous functions 

Qy^v ■ tG[s,oo)i — > / T.{t,v)Q{t,s,v)f{y + rv,v)dr. 
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and 

/•OV(r(j/-i;)-(t-s)) 

Hy^v ■ te[s,oo)< — y / Q{t,s,v)f{y + rv,v)dr. 

Jo 

Notice that Qy,v{t) = = Hy^v{t) for t ^ r(y, -v) + s. Let us compute the derivative of 
Hy^v{t). Clearly, 

— i?j;,^(i) = te[T{y,-v) + s,oo). 
Let us now consider t e (s, T{y, —v) + s). One has 



dt 



-f^j/.^'W = ^ G){t,s,v)f{y + rv,v)dr 



nT{y,-v)-{t-s) / Q \ 



s> /(y + rv, v)dr - Q{t, s, v)f{y + {T{y, -v) -{t- s))v, v). 



Now, denoting as above C-s(.^v) as the set of Lebesgue points of the mapping t 'S,{t,v), 
one notices that 

^e(t, s, v) = -S(t, v)e{t, s, v) m e £s(,^) (B.7) 
and, for such t e >Cs(.,^), one has 

d rr{y,-v)-{t-s) 

^Hy,^{t) = -J^ v)e{t, s, v)f{y + rv, v)dr 

- &{t, s, v)f{y + (T(y, -v) -{t- s))v, v). 

In other words, Hy^y is derivable at almost every t e [s,oo) and, since / is nonnegative, 
one has 

—Hy^y{t) ^ -Qy,v{t) for almost every s. (B.8) 
Integrating this inequality with respect to t, one finds 

/oo i-oo ^ rT(y,-v) 

Qy,v{t)dt^-J -Hy,y{t)dt = Hy,,{s) = f{y + rv,v)dr. 

Integrating now over r_, we find 

roo r I- l"r{y,-v) 

/ / Qy,t,(t)di/_(t,t;) ^ / du_{y,v) fiy + rv,v)dr=\\f\\Li(^j^_y 

Js Jt- Jt- Jo 

In other words, recalling the expression of Qy^y, one gets that the linear form 

dt di^.iy,v) 

rOV{T{y,-v)-{t-s)) 

/ 'E{t,v)&(t, s,v)f{y + rv,v)dr 

Jo 
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extends in an unique way to a continuous linear form on L^(A_) such that, for any non- 
negative / G L^(A_), 

r-oo I- pOV{T{y,-v)-{t-s)) 

dt diy-{y,v) 'E{t,v)Q{t, s,v)f{y + rv,v)dr ^ \\f\\L^j^_y 



In particular, for almost every t G [s, oo), one has 

du-{y,v) / T,{t, v)Q{t, s,v)f{y + rv,v)dr < oo 



According to (B.3), this exactly means that 

/ v) [U{t, s)f] {x, v)dij.{v)dx < oo for almost every t G [s, oo) 

and yields the desired result whenever / G L^(A_). 

Second case: Let us assume that / G L^(A_ oo n A+) and let s ^ be fixed and let 
{y,v) G r+^oo be fixed. As above, we begin with assuming that / G "^(A.^oo n A+) and 
define 

poo 

Hy^v : tG[s,oo)i — y / Q{t,s,v)f{y - rv,v)dr 

Jt-S 



and 



^ /-oo 

Qy,v ■ tG[s,oo)i — > / T,{t,v)Q{t,s,v)f{y - rv,v)dr. 

Jt-S 



Letting again jCe( ,i>) denote the set of Lebesgue points of one has as here above 

that, for any t G Cy,{.^v) ^ [s-, oo), the application Hy^y is derivable in t with 

^^HyAt) = -QyAt) - s> ^)f{y -it- s)v, v). 

Let r > s be fixed. Integrating the above identity over {s, T) one gets, since / is nonneg- 
ative 

QyAt)dt + HyAT)<H{s)= / fiy-rv,v)dr. 

Jo 

Integrating now over r+ oo we get 

[ dt f Qy^^{t)du+{y,v)+ I HyAT)di^+{y,v) 

^ / di/+(y,u) / f{y-rv,v)dr. 
■>'r+,oo Jo 

Recalling the expression of U(t, s)f and (B.2), this reads 

T 



dt Qy,,{t)du+{y,v)+ [U(r,s)/](x,t;)dxdMt') ^ ||/||Li(A_,^nA+)- 



(B.9) 
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Now, using the same argument as in the first case, one deduces that, for any / G L^(A__oon 
A+) and almost every t e [s, oo) one has 

T,{t,v)[\J{t, s)f]{x,v)dxdfi{v) < oo 

A_,oonA+ 

which proves the result for / G L^(A_ oo n A+). 

Third case: Assume now that / G L^(A_ oo n A_|_^oo)- Notice that, since A+_oo is a Borel 
subset of A, the associated indicator function 1a+ o^nA- oo is a Borel mapping on the 
product space A = Q x V . In particular, the partial applications (in all directions) are 
measurable, i.e. for any v £V, the application 

Xv : xefti — y lA+,oonA_,o,(2;,i') 

is a Borel mapping. In particular, for any v gV, 

fl^ := {x Gfl, Xv{x) = 1} 

is a Borel subset of ft. Now, if one assumes that / is nonnegative, one has by Fubini's 
Theorem 

/ f{x,v)dxdfj.{v) = lA+^^nA_,^ix,v)f{x,v)dxdfj,{v) 

lA+.oonA^,^{x,v)f{x,v)dx] dn{v). 



oo I i-t ,00 

V \Jfl 



Therefore, for any nonnegative / G L^(A_ 00 n A+ 00) one has 



f{x,v)dxd^i{v) = / / f{x,v)dx \ dfi{v). 
A+,oonA_,oo Jv \Jf2„ / 

Recalling now that 

[V{t,s)f]{x,v) = e{t,s,v)f{x - {t-s)v,v) y{x,v) G A_,oo H A+,00 
one deduces that 



[lJ{t,s)f]{x,v)dxdfi{v) = / Q{t,s,v)[ / f {x - {t - s)v , v)dx \ dfj,{v) . 

For any v eV, the mapping x e ft^ ^-^ y = x — {t — s)v G ft^ is one-to-one and measure- 
preserving so that 

f [\J{t,s)f]{x,v)dxdfi{v)= [ e{t,s,v)( [ f{y,v)dy)dfi{v). 

Now, for fixed v gV, according to (B.7) one has 

/■* /■* d 

J Tj{t,v)©{t, s,v)dT = — J —Q{T,s,v)dT = l — Q{t,s,v) for a. e. t ^ s. 
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Thus, 



Q{t, s,v)( [ f{y, v)dy) dfi{v) = [ ( [ fiv, v)dy] dfi{v) 

\Jf2„ / Jv J 



S(r, t!)e(T, s, v)dT I f{y, v)dy ] d//(t>). 



In other words, 

l|U(t,s)/||ii(A+,^nA_,oo) = ll/llLi(A+,^nA_,^) 



J:{t,v)@{t,s,v) 
One recognizes as above that, for any r G (s, t) 



V 



[ f{y,v)dy]dfi{v))dT (B.IO) 



[ ^{t,v)Q{t,s,v)( [ 
Jv VJf; 



f{y,v)dy d/i(u) 



S(t, w)G(r, s, ( / f{x—{T — s)v,v)dx]d^jL{v) 



S(r, [U(t, v)dxd/x(z;) 



so that (B.IO) becomes 

Il(r, u)[U(t, s)/](x, v)dxd/u(?j) dr 



= ll/llLi{A+,^nA_,^) - l|U(t, s)/||Li(A+,^nA_,^)- (B.ll) 

In particular. 



L 



Il(r, ?j)[U(t, s)/](x, u)dxd/Li(v) < oo for almost every r e [s, oo) 

=nA4 



This achieves the proof. □ 

The proof of Corollary 5.12 uses the above computations: 

Proof of Corollary 5.12. The fact that U(t, s) maps <S+ into ^(B(t)) for almost every t ^ s 
and that the mapping t € [s,oo) i-> B(t)U(t,s)u is measurable is a consequence of the 
previous Lemma exactly as for the proof of Proposition 5.6. Let us now prove (5.11). One 
uses once again the representation provided by Remark B.4 which allows us to distinguish 
between the three cases: / G L^(A_), / G L^(A_^oo H ■^+) or / G L^(A4-^oo n A__oo)- One 
uses the notations of Lemma 5.11. First, if / G L^(A_), for any {y,v) G r_ integrating 
(B.8) between with respect to t over {s, r) (for some fixed r > s), one gets 



J s 
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or, equivalently, 

-.OV(r(s/ -D)-{t-s)) 







Y.{t, v)Q{t, s, v)f{y + rov, v)dro j dt 

/•T{y,—v) /•0\/{T{y,~v) — (r—s)) 

^ / f{y + rQV,v)dro- / e{r, s,v)f{y + rov,v)dro. 

Jo Jo 

Integrating now over r_ and using (B.l) we get 

r ||S(t)U(i, s)/||li(a_) ^ ||/||li(a_) - l|U(r, s)/||ii(A_). 

J s 

Second, consider / e L^(A_ oo n A+). According to (B.9) (and recalling the expression of 
Qy,v{t) we directly get 

/ l|S(t)U(t,s)/||ii(A__^nA+) ^ ll/llLi(A-,oonA+) - l|U(r,s)/||ii(A_ „„nA+) Vr > s. 

J s 

Finally, for / G L^(A+ oo H A_ oo), (B.ll) exactly means that 

||5](t)U(t, s)/||ii(A_^^nA+,») = ll/llLi(A_,^nA+,^)-||U(r, s)/||ii(A__^nA+,^) Vr > s. 
Summing up all these inequalities we obtain the desired result. □ 
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